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Photosynthesis: an overview
It’s one of the most important process in
biology used by plants and other organisms
to convert light energy into chemical energy
for their sustenance
Overall chemical equation:
sunlight

CO2 + H2 O −−−−→ C6 H12 O6 + O2
Main stages of the process
I

Photon absorption and energy transfer

I

Photochemical reactions

I

Electron transport chain and ATP
synthesis

I

Carbon fixation and export of stable
products

Quantum features in Photosynthesis
Experimental result: observation of quantum
effects in the exciton transport within the
light harvestig complexes involved during the
photon absorption [1] [2] [3]
I

Quantum beating of the exciton

I

Long-lived quantum coherence even at
room temperature

Questions
I

Does quantum coherence play an
important role?

I

Can explain the high efficiency of the
transport?

I

Biological role?

Quantum beating observed in
the FMO, picture take from the
paper of Engel et all, Nature
446,782 (2007)

How is our system
Light Harvesting Complexes
Network of molecules called
Cromophores (in short Chl a,b)
inserted in a frame of proteins.
The photon excites the
cromophores and the excitation
travels in the network till the
reaction center [4]

Sulfur bacteria and a trimer of FMO, their main
light harvesting complexes

Very complicated systems but:
I

I

Only the first excited state
of each cromophore is
involved
During the process only one
photon at a time is absorbed

The most common light harvesting complex in
the green plants, called LHC2

How is modelled our system
I

Network of N cromophores

I

each one is a two-state
quantum variable (spin), σi ,σi+

I

State |001...0i (site basis)
| {z }

I

Only one at a time is in the
excited states, we can write
the state |ji where j is the
excited site.

N

Network of sites that can exchange the
excitation. Since we have quantum variables we
have phenomena as superposition and coherence

This electron hopping Hamiltonian describes our system:
H el =

N
X
i=1

ei σi+ σi +

X

vij (σi σj+ + σi+ σj )

i6=j

Can be diagonalized to get the exciton basis
The coefficients ei and vij are taken from experimental studies

Thermal Bath and Reorganization energy
Our light harvesting complexes are not isolated but are coupled to a
frame of vibrating proteins acting as a thermal bath of phononic modes.
Site independent baths are assumed [5].
b

H =

N
X

Hib with Hib =

X1

i=1

ξ

2

~ωξ (pξ2 + qξ2 )

qξ ,pξ ,ωξ coordinate,conjugate momentum and frequency of the ξth
mode.
Reorganization energy λj : shift of energy
due to the readjustment of the nuclear
configuration after the electronic transition
X
H reorg =
λj Pj with Pj = |jihj|
j

(a)Pigment embedded in a protein
and (b) Reorganization energy scheme

Coupling the system and the environment
Each site j has its interaction Hamiltonian:
H el−b =

N
X

Pj uj

i=1

P
Where uj = − ξ ~ωξ qξ djξ are the
system-bath interaction operators.
djξ is the Displacement of the equilibrium
configuration of the ξth mode between the
ground and excited state of the jth site;
it’s linked to the reorganization energy:
1X
2
λj =
~ωξ djξ
2
ξ

LH2 complex from the bacterium
Rhodopseudomonas acidophila, in red
and orange the 18 cromophores BChls
850, in green the 9 BChls 800, in
purple and blu the protein scaffold

Complete Hamiltonian: H tot = H el + H reorg + H b + H el−b

Open Quantum Systems
The complete equation of the motion for
total density operator ρ(t) is the Von
Neumann equation. We can write it also in
operatorial form in term of the Liouvillian
Ltot :
1
d tot
ρ (t) = [H tot , ρtot ] = −iLtot ρtot (t)
dt
i~
However we are not interested in the
dynamic of the phonon bath (the
environment), we remove its degrees of
freedom with the operation of partial trace.

Open quantum systems: we have a
total Hilbert space HSE = HS ⊗ HE
with a density matrix ρSE . By tracing
out the environment degrees of
freedom we obtain the density matrix
ρS that lives in the HS space:
ρS = TrE (ρSE )

We would like obtain an equation of
motion for the reduced density operator:
ρ(t) ≡ Trbath (ρtot (t))

However due to the presence of the
environment its evolution will be
affected by phenomena as
decoherence, relaxation and energy
damping

Equation of motion: formal solution
General assumption: at time zero the total
system is in a factorized state and the bath is
at thermal equilibrium:
ρtot (0) = ρ(0) ⊗ exp(−βH bath )/Z
with β = 1/kb T , Z = Trbath (exp(−βH bath ))
Going into the interaction picture we can
write a formal solution as:
ρint (t) = U int (t)ρint (0)
 Z s

el−b
int
U (t) = hTexp −i
dsLint (s) ibath
0

Where hOibath = Trbath (O exp(−βH bath ))/Z
Very complicated equation

=⇒

approximations are needed

There is a huge number of possibilities depending on the regime we
choose to study

Theories and Approximations
I

Weak couplings: often is performed a second
order approximation with respect the electronic
couplings or the system-environment interaction
(second order Quantum Master equation [6] )

I

Markovian regime: the phonon bath is so large
that the system doesn’t affect him, it’s always
at the thermal equilibrium. Memory less
evolution, system loses information in the bath.
(Lindblad equation, Redfield equation [7][8] )

I

Semiclassical regime: with large λj
reorganization takes place rapidly, quantum
features are destroyed and we have an
incoherent hopping of exctiations.
(Förster theory [9] )

I

In any case numerical calculations are needed
to find explicit solutions

What happens in real systems?
Unfortunately the real systems are not in
Markovian regime, electronic coupling and
reorganization energies are comparable.
The dynamic is strongly determined by the
interplay of quantum features and
environment interaction [10]
I

ENAQT (Environmentally assisted
quantum transport)

The environment is crucial to the system
relaxation towards lowest energy states
(reaction center). However the quantum
coherence is needed to mantain an high
efficiency during the exciton transport.

Spectrum of the LHC2 complex and
relaxation pathways

An exact solution: the Hierarchical Approach
Given the natural condition, every
approximation is somehow
’unphysical’: useful to test singular
aspects and as benchmark in
limiting cases
To study the complete dynamic
exact approaches are required [11]:
Hierarchical Approach

Site popoluations evolution in the FMO
complex obtained with the hierarchical approach

I

Decompose the general master equation to a recursive series of
infinite first order linear equations

I

Solve numerically the recursive system, with truncation at the
desired precision

I

Works very well at room temperature, other corrections needed at
cryogenic temperature

I

Drawback: the number of equation to solve grows exponentially
with the number of cromophores of the systems

An exact solution: the Hierarchical Approach
Recursive system of equation in the Hierarchical approach in the density
matrix ρ(t) and the auxiliary variables σ~n labelled by a N-dimensional
integers vector ~n (N number of cromophores).
X
d
ρ(t) = −iLe ρ(t) +
dt

Φ~n σ~n (t)

~n : |~n|=1

d ~n
σ (t) = −iLe σ~n (t) + O~n σ~n (t) +
dt

X
~ :
m
|~
m|=|~n|+1

~ m
Φm
σ ~ (t) +

X

~ m
Θm
σ ~ (t)

~ :
m
|~
m|=|~n|−1

~
are linear operators function of the
The operators called O~n ,Φ~n , Θm
system bath interaction operators and the physical parameters.
One has to take into account auxiliary variables σ~n for all the integer
vectors ~n untill the corrections apported by successive orders are under
the desired precision

Hierarchical approach is a powerful method but unfeasible for large
systems (N & 10 cromophores)

The Multicromophoric approach
Many systems shows property of clustering:
strongly interacting cromophores in aggregates
that weakly interact each others
The Multicromophoric approach exploits this
feature to study the system even in the physical
regime of the parameters [12][13][14]
The electronic Hamiltonian is divided in two
contributions, inter and intra complex
(capital and small lecters respectively)
P
P
H el = N H N + NM H NM
HN =

X

ei |i, Nihi, N| +

i

H NM =

X

vijN |i, Nihj, N|

i6=j

X
i6=j

vijNM |i, Nihj, M|

An example of system with clustering
properties and a FMO trimer, a set of
three complexes that could be
described with the multicromophoric
approach

Multicromophoric Approach: hypothesis
The key idea is performing a full quantum
treatment only inside the aggregates, and
studying the interaction among aggregates
in the semiclassical approximation
(Förster theory)
I

Second order approximation respect
to inter complex couplings
(vijNM  vijN , λj )

I

The donor complex is at equilibrium
before transferring the excitation to
the acceptor

Need to find a way of perform the Multicromophoric approach
calculations without unphysical assumption and test the range of validity
of the theory in sistematic way
→ L. Banchi, G.C., A.Ishizaki, P. Giorda, J.Chem. Phys. 138, 184107
(2013)

The Multicromophoric transfer rates
We are not interested in the full dynamical evolution, rather in
observables of experimental interest
Transfer rates: the dynamic is quantum only inside, among aggregates is
classical, that means we could write rate equations and the transfer of
excitation from a donor (D) to an acceptor (A) follows an exponential
decay with certain constant rates: k A←D
Multicromophoric rates calculated from the full master equation:
k A←D =

Z
X vijAD viAD
0j0
ii 0 jj 0

2π~

∞

dω AAii0 (ω)FjjD0 (ω)

−∞

AAii0 (ω) and FjjD0 (ω) are called absorption and emission lineshape operators,
function of the system-bath interaction operators and the density matrix:
they contain the environment influence and the time evolution
The difficult task in the Multicromophoric approach is evaluating these
quantities without further unphysical approximations.

The Multicromophoric lineshape operators
The simplest way of evaluating of the lineshape operators requires a
perturbative expansion in the system-bath interaction, but unfortunately
the perturbative solutions works well only in the monomer case and in
the Markovian regime [5] [11]
Our proposal is using the so called time-convolutionless master equation,
that reproduce correctly the absorption lineshape of a monomer in the
non-Markovian regime. Its general form is:
Z t
i
d
A(t) = − H A(t) +
ds K (t − s) A(t)
dt
~
0
Where K (t − s) is the kernel operator

[6]

For the emission lineshape we exploit the identity derived from the
analytical continuation:
F (t) = A(t − i~β)/Z

with Z = Tr (A(−i~β))

These are the main theoretical improvement of our paper

Testing the theory on a toy model
We tested the Multicromophoric
approach and the method for
evaluating the lineshape operators
on a dimer-monomer system, with
Hamiltonian:


E1 J12 J13
 J12 E2 J23 
J13 J23 0
J13 , J23  J12 , for many λ.
The dimer (highest in energy) is
the donor and the monomer is the
acceptor of the excitation.

Example of time evolution of the site
populations of the system, red and blue the
dimer, green the monomer, obtained with the
Hierarchical approach. The Dimer strongly
interacts with quantum features and starts to
transfer the exciton to the monomer after the
equilibriation.

To check the validity we used the Hierarchical approach as exact result
and other approaches used in the literature. The rate k A←D is obtained
from the time evolution assuming exponential decay after the donor
equilibration.

Multicromophoric approach: results (1)
Transfer rate k A←D as function of λ
for Markovian and non Markovian
regime
The blue curve is the exact result
obtained with the Hierarchical
approach, the red is the our one, blue
and green other multicromophoric
approach used in the literature
In the first case the Multicromophoric
approach works perfectly, in the
second works fine, anyway better than
other theories even in the physical
regime of parameters

Multicromophoric approach: results (2)
Test of the range of validity of the theory increasing the couplings
between donor and acceptor
The black curve is the
multicromophoric approach
(rescaled), the other ones are
from the hierarchical approach
with different values of J13 , J23
We can observe how increasing
the value our theory fails to
reproduce exact result due to the
breakdown of the two starting
hypothesis

Multicromophoric approach: results (3)
Another approximation widely used in
literature [13][14] is ignoring the off
diagonal terms in the equations
leading to the calculations of the
lineshapes operators
(Secular approximation).
Our technique based on analytical
continuation and time convolutionless
master equation doesn’t use this
approximation, but it takes a longer
time to be computed numerically.
Our simulations compared with the
exact result show that not always the
Secular approximation is correct and
off diagonal terms are needed.
The picture shows this test both for
room and cryogenic temperature.

Multicromophoric approach: summary
I

In systems with strong clustering
Multicromophoric approach can be used to
avoid massive numerical calculations of
exact methods

I

We provided a general picture of the
theory exploring its range of validity

I

We showed that our technique works well
even in the physical regime of parameters
where the standard approximations cannot
be applied

I

Despite we tested the theory on a simple
dimer-monomer system, the framework
developed in our paper allows for the study
of more complex systems.

I

Furthermore: test the theory on real light
harvesting complexes in the physical
regime of parameters, for example the
trimer of FMO

References
[1]

Engel et all, Nature 446,782 (2007)

[2]

Collini et all, Nature 463, 644 (2010)

[3]

Panitchayangkoon et all, Proc.Nat.Acad. USA 107, 12766 (2010)

[4]

Renger et all, Primary processes of photosynthesis: principles and apparatus,
Royal Society of Chemistry (2007)

[5]

Ishizaki et all, Physical Chemistry Chemical Physics 12, 7319 (2010)

[6]

May, Kuhn, Charge and Energy transfer Dynamics in Molecular Systems, Wiley (2004)

[7]

Breuer, Petruccione, The theory of open quantum systems, Oxford Univ. Press (2002)

[8]

Redfield, IBM J.Res.Dev. 1,19 (1957)

[9]

Förster, Ann.Phys. 437,55 (1948)

[10]

Giorda et all, arXiv 1106.1986 (2011)

[11]

Ishizaki, Fleming, J.Chem.Phys 130, 234111 (2009)

[12]

Jang et all, Phys.Rev.Lett. 92, 218301 (2004)

[13]

Sumi, J.Phys.Chem. B 103, 252 (1999)

[14]

Scholes, Fleming, J.Phys.Chem. B 104, 1854 (2000)

