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Convection: an old story

∆T→ Gravitational instability

Rayleigh number:

Ra =
gβ∆Th3

νκ

Ra <Rac Conduction
Ra >Rac Convection

Since XIX century ...

Figure: Bènard cells.
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Convection and habitability

Facts:
• 2.4× 109 ya First oxygenation event
• 2.7− 2.4× 109 ya Start of modern tectonics
• 500× 106 ya Second oxygenation event

Figure: Evolution of rate of crustal growth [3]. Figure: Geological timeline.

[3] Hawkesworth, Cawood, Dhuime, 2019. Rates of generation and growth of the continental crust.
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“Hot” convection: the deep Earth

1. Our planet is the only one
exhibiting an active tectonics: link
to emergence of life?

2. What happens between the ”old”
and the modern tectonics?

3. Role of Earth Mantle in heat
release?

Figure: Earth (NASA).

5



Earth Mantle model

Viscoelastic behavior:

τM =
η

µR
≈ O(103)s Maxwell time

t <<τM Elastic behavior
t >>τM Viscous fluid

value units

g 9.81 m s−2

ρ0 4000 kg m−3

∆T ∼ 1000 K
κ 7.5 ×10−7 m2s−1

ν 2.5 ×1017 m2s−1

β ∼ 10−5 K−1

Ω 7.3 ×10−5 s−1

Table: Earth mantle parameters.[4]

Fluid dynamics equations hold:

∂t~u + (~u · ∇)~u + 2~Ω× ~u =− 1
ρ0
∇p − gβ∆T k̂ + ν∇2~u + ~Ω× (~Ω×~r)

∂tT + (~u · ∇)T =κ∇2T
∇ · ~u =0

[4] Bercovici, D. 2007 Mantle Dynamics Past, Present, and Future: An Introduction and Overview.
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Non dimensional equations:

1
Pr

[∂t~u + (~u · ∇)~u] =−∇p + RaT k̂ +∇2~u − Cok̂ × ~u

∂tT + (~u · ∇)T =∇2T
∇ · ~u =0

(1)

with:
~u = κ

D
~u∗, τ = κ

D2 t∗, T = T ∗∆T , Pr = ν
κ , Ra = gβ∆TD3

κν , Co = 2D2Ω
ν

Typical values for the Earth Mantle [4]:

Pr = 3,3× 1023 →∞ Ra = 4,2× 107 Co ≈ 1,3× 10−12

Eqs.(1) become:

∇p − RaT k̂−∇2~u + Cok̂ × ~u = 0

∂tT +(~u · ∇)T = ∇2T
∇ · ~u = 0

[4] Bercovici, D. 2007 Mantle Dynamics Past, Present, and Future: An Introduction and Overview.
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Numerical approach with OpenFOAM

Problems:
• No direct measurements
• Large temporal scale evolution (t ∼109)

Need of Computational Fluid Dynamics (CFD):
1. OpenFOAM [5]

2. Finite Volume Method (Gauss Theorem):
Reconstructs volume field from cell field.

3. Segregated methods:
- Solves independently velocity, temperature and pressure.
- PISO loop: ensures the ∇ · ~u = 0 constrain.
- PIMPLE loop: ensure coupling of variables.

[5] Ferziger, Joel H and Peric, Milovan, 2012. Computational methods for fluid dynamics.
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Building a new solver: convectiveFOAM

START: buoyantBoussinesqPimpleFOAM solver for heat transfer

Step 1:
Changing updating rules (Fig.).

Step 2:
Explicitly re-writing of the
Boussinesq term
( ~g ρ

ρ0
= g [1− β(T − T0)])

Step 3:
Implementation of infinite Pr number Figure: Flowchart of the old solver (left) and

of the new ConvectiveFOAM (right).
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Validation of convectiveFOAM 1

BCs: free slip and{
T = 0 z = 1,
T = 1 z = 0 ∨ 1

4 ≤ x ≤ 3
4

Figure: Vertical temperature profiles, comparison
of Whitehead (2013) and convectiveFOAM. Figure: Streamfunction (top) and Temperature

(bottom) isolines.

1to be submitted 10



Validation of convectiveFOAM2 Resolution

RES = 643,1283,2563 grid points.

Figure: Vertical temperature profiles, for different
resolutions obtained with convectiveFOAM.
Comparison with Whitehead (2013).

Figure: HPC cluster Laki, INGV (Pisa).

Figure: Horizontal vertical velocity profiles.
Whitehead (2013) VS convectiveFOAM.

2to be submitted 11



Validation of convectiveFOAM 3 Algorithm

Changing PISO/PIMPLE loops

Figure: Vertical temperature profiles, for different
algorithms obtained with convectiveFOAM.
Comparison with Whitehead (2013).

Figure: HPC cluster Laki, INGV (Pisa).

Figure: Horizontal vertical velocity profiles.
Whitehead (2013) VS convectiveFOAM.

3to be submitted 12



Validation of convectiveFOAM4 Numerical Schemes

• Temporal: Euler 1st and 2nd order,
• Spatial: Linear, Limited Linear.

Figure: Vertical temperature profiles, for different
schemes obtained with convectiveFOAM. Comparison
with Whitehead (2013).

Figure: HPC cluster Laki, INGV (Pisa).

Figure: Horizontal vertical velocity profiles.
Whitehead (2013) VS convectiveFOAM.

4to be submitted 13



Validation of convectiveFOAM 5 Scaling properties

Figure: Supercomputer MARCONI (CINECA)

S =
T (1)

T (n)
SPEED UP

E =
T (1)

n · T (n)
EFFICIENCY

Figure: Scaling properties of convectiveFOAM
Hours from project IsrC SIPRACo.

5to be submitted 14



Next steps...

• Complete 3D validation

• Improving scalability

• Introduction of rheology:

ν = ν0e
E+pV

RT

Lot of work done in 2D [6][7].
Challenge: 3D simulations with high
viscosity range.

• Looking for clustering in
Pr =∞ regime

Figure: Clustering from [8]

[6] Khaleque,Fowleret al., 2015. Numerical studies of thermal convection with temperature- and
pressure-dependent viscosity at extreme viscosity contrasts.
[7] Fowler, et al., 2016. Convection of a fluid with strongly temperature and pressure dependent
viscosity. [8] Parodi et al., 2004. Clustering of Plumes in Turbulent Convection.
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Convection and habitability of Ocean Worlds

Observations show that Enceladus is
geologically active [9].
Similar hypothesis can be done for moons
of Jupiter (Io, Europa, Ganymede...)

Figure: Enceladus: plumes of water vapor and ice.

JUICE mission by ESA (2022) will study Jupiter, Europa, Callisto and
Ganymede.

Questions:
• Sources of internal heat, heat flow

nature?
• Global circulation, dominant

processes?

Figure: Ganymede seen from Galileo (NASA).

[9] Mitri, Showman, 2008. Thermal convection in ice-I shells of Titan and Enceladus.
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“Cold” convection: Ganymede

The ocean/icy mantle controls the global heat transfer of Ganymede.

General structure:
• External icy crust
• Subsurface ocean
• Inner core

Figure: Schematics of Ganymede interior (NASA).
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Ganymede Ocean model
Fixed inner heat flux F drives convection in the subsurface ocean→
melting of the overlying IceIh . At the ocean − IceIh interface the heat
flux is eq.(2).

Stefan problem
Ice layer thickness: h(x , y , t)
Flux at the interface: f (h) = f (t)

Interface: z = 1 + δh, with |δh| << 1
Variable heat flux across the upper boundary BUT fixed interface
z = 1

IceIh

Ocean

IceVI

Locally Cartesian model of Ganymede.

Realistic dimensions are dI = 10km, do = 40km,

dVI = 140km.

f (h) =
κ(T − Tref )

h + ε
(2)

∂h
∂t

= g
(
−dT

dz
|z=1

)
(3)
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Ganymede Ocean model

1
Pr

[∂t~u + (~u · ∇)~u] =−∇p + RaT k̂ +∇2~u − Cok̂ × ~u

∂tT + (~u · ∇)T =∇2T
∇ · ~u =0

where:

Pr =
ν

κ
Ra =

gβ∆TD3

κν
Co =

2D2Ω

ν

Free-slip, fixed-flux BCs at z=0,1
and periodic on the horizontal:

∂zu|z=0,1 = ∂zv |z=0,1 = w |z=0,1 = 0

T |x,y=0 = T |x,y=2π, ~u|x,y=0 = ~u|x,y=2π

∂zT |z=0 = −F , ∂zT |z=1 = f (h)

value units

g 1.4 m s−2

ρ0 1030 kg m−3

∆T 0.1-51 mK
κ 1.8 ×10−7 m2s−1

ν 1.8 ×10−6 m2s−1

β 4 ×10−4 K−1

Ω 1 ×10−5 s−1

Table: Ganymede parameters, [10]

[10] Soderlund K, 2019. Ocean dynamics of outer solar system satellites.
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Next steps:

• Modulation of icy crust?

• Estimations of heat fluxes

• Comparison with future
data?
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Thank you

CONFERENCE AND SCHOOLS
• 2018 Swimming with posts WHOI, Boston, MA, USA

• 2017 Development and benchmarking of an open-source
numerical model for natural convection at high Prandtl
number. EGU, Vienna, Austria
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