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Abstract

This thesis is devoted to the Lagrangian transport and mixing in turbulent flows.
Two main projects has been developed in the period of three years and are both mo-
tivated by phytoplankton dynamics. From this point of view, they can be reconciled
under a unique general topic which is represented by the interplay between particles and
scalars. Under this interpretation, in the first work we focus on a mechanism where
particles are driven by buoyancy and passively transported by the flow, while a second
project considers a mechanism where absorbing particles induces an active feedback on
the scalar dynamics.

The first project regards the mechanism leading to the formation of thin phyto-
plankton layers by buoyancy. We derive a simple model, valid within the Boussinesq
approximation, for the dynamics of small buoyant particles in stratified turbulence, that
we named Floaters. By means of extensive direct numerical simulations, we investigate
the statistical distribution of particles as a function of the two dimensionless parameters
of the problem. We find that vertical confinement of particles is mainly ruled by the
degree of stratification, with a weak dependence on the particle properties. In contrast,
small-scale fractal clustering is found to depend on the particles relaxation time and is
only slightly dependent on the flow stratification. The implications of our findings for
the formation of thin phytoplankton layers are discussed.

The second project concerns the nutrient uptake in turbulent flow. The idea is to
investigate the mechanism of local absorption of a nutrient field which is stirred and
mixed by turbulence. The aim is to construct a model that describes consistently the
absorption mechanism by the lagrangian particles together with the eulerian evolution
of the nutrient field. Using this approach, it’s then easy to calculate the uptake rate of
each cell along the cell trajectory. In this sense, the model is an attempt to go beyond
the mean field approximation in order to investigate the effect of turbulence on the cell
uptake. In the present work, we discuss the development and the calibration of the
method, focusing of the effects of diffusive interactions and nutrient shielding between
sinks. Nevertheless, these preliminary results are fundamental benchmarks for future
studies with more complex turbulent and synthetic flows.

v





Synopsis

The thesis is organized in three parts, including an introduction and two major projects.

The introduction "Turbulence, Ocean & Plankton" collects the motivations and ini-
tiates the reader to the main concepts that we will be encountered in the following
chapters. It opens with a small guide to the theory of turbulence and follows to explain
the phenomenology of ocean turbulence, highlighting the geophysical and biological as-
pects. The aim of this part is to introduce the major concepts with very simple math.
More specific concepts and mathematical tools will be introduced in the openings of
each part presenting the scientific works. The two parts presenting the scientific work
are structured to be read independently. Hence, we employ a notation that is consistent
just within each part.

In Part I, we introduce the basic concepts of the turbulence theory and direct appli-
cation to the (bio)physics of the ocean.
Chapter 1: the paradigm of turbulence theory is presented, following the work of Kol-
mogorov (K41).
Chapter 2 gives an overview of the oceanic system, focusing on the role of density strat-
ification. Main concepts like the Brunt-Väisälä frequency, the Ozmidov scale and what
is an isopycnal surface are first introduced.
Chapter 3 is devoted to the biophysics of microbes and phytoplankton. It gives an
overview of the biological aspects which are more relevant for the theoretical modeling.
This is also the central motivation of the scientific works presented in following parts,
giving numbers and experimental field evidences of the thin phytoplankton layers and
about diffusive nutrient uptake.

In Part II, we address dynamics of floaters in stratified turbulence.
In Chapter 4, a brief introduction on the dynamics of stratified flows is presented. We
derive the Boussinesq equations and scaling relations emerging in stratified turbulence.
Chapter 5 introduces the phenomelogy of inertial particles which is the starting point
to derive the theoretical model for the Floaters. Then, we present the set of direct
numerical simulations and discuss the results. We observe particles relax on isopycnal
surfaces and form fractal clustering on it. We study the property of confinement at large
scale and conversely the clustering at small-scale. The former was mainly exploited by
looking at PDF of the vertical position of the particles, while the latter is measured by
the computation of the correlation dimension. Revenant publications of the topic are:

• A. Sozza, F. De Lillo, S. Musacchio & G. Boffetta,
Large-scale confinement and small-scale clustering of floating particles in stratified

turbulence,
Physical Review Fluids 1, 052401(R) (2016).

• A. Sozza, F. De Lillo, & G. Boffetta,
Inertial Floaters on turbulent isopycnal surfaces,
To be submitted to JFM (2017).
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Part III is dedicated to the study of nutrient uptake in a turbulent flow.
Chapter 6 gives a general background of the diffusion-limited reactions. The diffusion
problem is solved in different configurations of traps using different analytical techniques
in order to present analytical predictions of the uptake. After presenting the theory of
Smoluchowski for a single sphere, we focused on the effects of diffusive interactions. We
illustrate the exact solution for a reacting pair and the use of monopole approximation
for the study of regular arrays of spheres (both finite and infinite array). Finally we
represents the analytical predictions of the uptake rate for a spherical cluster using an
effective medium approach. In this section, we also extended the same approach to the
case of a spherical shell-like cluster.
Chapter 7 introduces the numerical approach via direct numerical simulations. We
implemented an immersed boundary technique to describe the local depletion of scalar
field in the position of the particle. Through the calibration, we proceed to test the
method within different case studies of increasing complexity.
Finally, Chapter 8 summarize the fundamental results of the work and elucidates on the
perspectives and possible continuations of the project. This are the publications relevant
to the topic:

• A. Sozza, F. De Lillo, M. Cencini, F. Piazza & G. Boffetta,
Numerical simulations of unsteady diffusive uptake rate,
To be submitted to PRE (2017).
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Part I

Turbulence, Ocean & Plankton





Chapter 1

A Primer in Turbulence

Turbulence is a state of a physical system characterized by spatial and temporal disorder.
From the point of view of theoretical physics, turbulence is a out of equilibrium field
problem with many strongly interacting degrees of freedom [2, 47, 22, 56, 9]. The
complexity of turbulence has attracted for centuries the interest of scientists and even
philosophers. On the other hand, the interest for turbulence finds practical relevance
in applications ranging from naval and aeronautical engineering to environmental and
climate studies [70].

The subject of has indeed a very long history. Leonardo was probably the first to use
the word turbulence in his studies, with its modern meaning. Over two hundred years
ago the works of L. Euler, L. M. H. Navier, G. G. Stokes and O. Reynolds have given the
basis of a research field which is still open nowadays. In the middle of the last century, A.
N. Kolmogorov changes completely the paradigm of turbulence theory, by proposing the
first statistical theory of turbulence, based on the concept of self-similarity and energy
cascade. Even if the equations which rule the turbulent flow are well known, a complete
understanding of the matter is still lacking.

1.1 Navier-Stokes equations

The dynamics of an incompressible fluid is determined by the celebrated Navier-Stokes
equations

∂tu + u · ∇u = −1

ρ
∇p+ ν△u + f (1.1)

∇ · u = 0 (1.2)

where u is the fluid velocity, p the pressure, ρ is the density, ν = µ/ρ is the kinematic
viscosity and f represents external forcing acting on the fluid. The origin of the eq.s
(1.1) is just the conservation of mass and momentum per unit volume [1, 33]. The
different terms in the Navier-Stokes equations represents:

• u · ∇u the inertial or non-linear term is responsible for the transfer of kinetic
energy in the turbulent cascade.

• −∇p/ρ the pressure gradients which guarantee the incompressibility of the flow.

3
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In absence of external forces, they are determined by the Poisson equation

∂i∂ip = −ρ∂i∂juiuj (1.3)

which is obtained by taking the divergence of eq. (1.1)

• ν△u the dissipative viscous term. It’s originated by the Reynolds stresses, and is
proportional to viscosity ν. It’s dominant in the laminar regime and in creeping
flows.

An alternative way to explicitly eliminate the pressure is to introduce the vorticity ω =
∇ × u. Taking the curl of the Navier-Stokes equations, and using the identity for which
the curl of a gradient is always null and u · ∇u = 1

2
∇|u|2 − u × (∇ × u), one obtains

the equation of motion for the vorticity field

∂tω = ∇ × (u × ω) + ν△ω (1.4)

In order to solve the PDE (1.1), one has to specify the boundary conditions (and the
initial conditions). To achieve the maximum symmetry in the system, it is advantageous
not to have any boundaries. We could imagine that the fluid fills all the space in
R

3. However, the unboundedness of the space leads to some mathematical difficuties.
Therefore, it’s convenient to assume periodic boundary conditions in the space variable
x = (x, y, z).

u(x, y, z) = u(x+ aL, y + bL, z + cL) (1.5)

where L ∈ R is the period. It is then obvious to consider the restriction of the flow
to a cubic domain BL of extension L. Moreover, with periodic boundary conditions it’s
very easy to solve the Poisson equation (1.3), and thus eliminate the non-local term of
pressure from the Navier-Stokes equation [22].

A measure of the nonlinearity of Navier-Stokes equation is given by the Reynolds
number

Re =
UL

ν
(1.6)

where L and U are respectively the typical length scale and velocity of the fluid. The
concept was introduced by George Gabriel Stokes in 1851, but was named by Arnold
Sommerfeld in 1908 after Osborne Reynolds showed that in a pipe flow the transition
between laminar and turbulent regime occurs when the Re number reaches a critical
value. Different geometries of the flow may change the critical Re, but the transition is
universally controlled by this adimensional parameter.
In turbulence, the Reynolds number gives a dimensional estimate of the relative weight
between inertial forces u · ∇u and the viscous ones ν△u:

[u · ∇u]

[ν△u]
∼ UL

ν
(1.7)

Because of its definition, fully developed turbulence is achieved in the limit Re → ∞.
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1.2 Energy Balance

It is customary in physics to discuss global conservation laws (involving an integration
over the whole volume occupied by the fluid). In order to investigate fully developed
turbulence, boundary conditions (1.5) are assumed and angular brackets are used to
denote averages over some fundamental periodic box.
From the velocity and the vorticity field, some quadratic quantities can be defined

Energy: E =
1

2
〈|u|2〉

Enstrophy1: Z =
1

2
〈|ω|2〉

Helicity: H =
1

2
〈|u · ω|〉

(1.8)

where 〈...〉 denotes the integral over the whole space. The temporal evolution of energy
is obtained by multiplying Navier-Stokes equation and averanging over space. By using
the continuity equation and the boundary conditions (for example periodic boundary
conditions), the non-linear term and the pressure term vanish when integrated by parts
and evaluated at the boundaries, while the viscous term is rewritten using the identity
〈u · △u〉 = −〈(∇ × u)2〉. The energy balance reads:

dE

dt
= −2νZ (1.9)

which shows that in the absence of external forcing and for ν = 0, the kinetic energy is
conserved by the dynamics. Hence, energy is an inviscid invariant.

On the contrary, in the limit ν → 0, the energy dissipation rate does not vanish, but
reaches a constant value

lim
ν→0

2νZ = ε (1.10)

This phenomenon is known as dissipative anomaly, and implies that in the limit ν → 0,
the total enstrophy must grow as Z ∼ ν−1 in order to compensate the decreasing viscos-
ity. The physical origin of the unbounded growth of the enstrophy in three dimensions
must be found in the vortex stretching, which generates diverging velocity gradients in
the limit of Re → ∞, and thus represents a source of enstrophy.

A similar conservation law can be written for the helicity, respectively in the form
Ḣ = −2νHω, where Hω represents the dissipation of helicity. Therefore, H is another
inviscid invariant, but unlike energy it doesn’t have any definite sign. As it’s shown
later, the fact that the energy is the only invariant defined positive, it’s fundamental for
generating a turbulent cascade.

1.3 Energy transfer

In the global energy balance (1.9) is stated that non-linear term in Navier-Stokes equation
does not change the total kinetic energy. Nevertheless it plays a fundamental role in

1the term enstrophy was coined by C.Leith in analogy with en-ergy. Note that in modern greek
στρωψη designates the curl operation.



1. A Primer in Turbulence 6

turbulence, because it is responsible for energy transfer between modes. To described
how it is involved in the energy transfer it is worthwhile to consider a scale-by-scale

energy balance in Fourier space. For the sake of simplicity, we will consider the infinite
volume limit, in which the fluid is supposed to fill the entire space, and the Fourier
transform reads

ûi(k) =
1

(2π)3

∫
d3x e−ik·xui(x) (1.11)

and its inverse is
ui(x) =

∫
d3k eik·xûi(k) (1.12)

Multiplying the original Navier-Stokes equation (1.1) by u′ = u(x+r) and transforming
in Fourier space one obtains the energy balance scale by scale

∂tE(k) = T (k) − 2νk2E(k) + F(k) (1.13)

where the terms in Fourier space representing the energy E(k), the energy transfer T (k),
the energy dissipation and the forcing F(k) are given by

E(k) =
1

(2π)3

∫
d3x eik·x 1

2
〈uu′〉 (1.14)

F(k) =
1

(2π)3

∫
d3x eik·x〈u′f〉 (1.15)

T (k) =
1

(2π)3

∫
d3x eik·x 1

4
∇ · 〈|δu|2δu〉 (1.16)

One may observe that 〈|δu|2δuj〉 = 〈(u′
i −ui)(u

′
i −ui)(u

′
j −uj)〉 = 〈uiuiu

′
j〉−〈u′

iu
′
iuj〉+

2〈uiu
′
iuj〉 − 2〈uiu

′
iu

′
j〉. Applying the derivative ∂j, by incompressibility only the last two

terms contribute and the result (1.16) is achieved with a factor 4.
Using the relation

∫
d3keik·x = (2π)3δ3(x), the definition of global energy is regained

E =
∫
d3kE(k).

In the isotropic case, it’s convenient to define the angle-averaged energy density as
E(k) = 4πk2E(k), where k = |k|. This term is also called the energy spectrum. Simi-
larly, one also defines the spectrum of energy transfer T (k), the spectrum of the forcing
F (k) and the spectrum of enstrophy as Z(k) = k2E(k).
A proper scale-by-scale energy balance for a certain wavenumber K is attained by inte-
grating from 0 to K. In this way, it’s natural to define the spectral energy flux Π which
is nothing but a cumulative spectrum of the energy transfer

Π(K) = −
∫ K

0
dk T (k) (1.17)

The term T (k) transfers energy without creation or destruction, and so it does not affect
the global energy balance. As proof, integrating over the whole k-space, or taking the
limit K → ∞, the energy transfer is a vanishing term, hence

∫∞
0 T (k)dk = 0.

Furthermore, we note that in the limit of large k, where viscous term dominates over
the others, equation (1.13) reduces to

(
∂

∂t
− 2νk2

)
E(k) = 0 (1.18)
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which yields a decreasing exponential solution E(k) = E(0)e−2νk2t for the final stage
of turbulence. As consequence, for increasing wavenumber k the energy spectrum is
exponentially depressed to zero.

1.4 Richardson Cascade

Nonlinear term in Navier-Stokes equation is known to be responsible of an energy transfer
between Fourier modes in the inertial range. A different approach consists in dimensional
arguments and provides a phenomenological approach of the problem. The basic phe-
nomenology of turbulence can be recovered by using the picture of the turbulent cascade
proposed by Richardson in 1920.
The kinetic energy is supposed to be injected by an external forcing and sustains the
motion of the large-scale eddies of size L. These structures are deformed and stretched
by the fluid, until they break into smaller eddies. The process is repeated so that energy
is transported to smaller and smaller structures. Finally, at small scales the kinetic energy
is dissipated in form of heat by the action of viscosity. The whole process of transfer of
energy from large scale of injection to the small dissipative scale, through the hierarchy
of eddies, is known as turbulent cascade.
The individual eddies come and go, and are inherently unpredictable; furthermore be-
cause of nonlinearity they interact each others. In the reality, it may be misleading to
think about eddies as real vortices. They are more a metaphorical description of the
interactions between modes and energy related to certain scales.

Figure 1.1: Turbulent cascade á la Richardson. Famous quote by Richardson: "Big whorls

have little whorls that feed on their velocity, and little whorls have lesser whorls and so on to

viscosity"

Let uℓ be the velocity at scale ℓ and tℓ ∼ ℓ/uℓ the time required to transfer energy
from scales of order ℓ to smaller ones. Dimensional analysis of the different terms in
Navier-Stokes equation allows to identify three different ranges of scales:

• Injective range which corresponds to the large scales where forcing injects energy
in the system.

• Inertial range where energy is transported to smaller scales and thus the en-
ergy flux is conserved. The time required to transfer energy is shorter than the
dissipative time.
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• Dissipative range where the energy dissipation takes place and the cascade is
stopped.

The hypothesis of statistically steady state for the turbulent cascade requires a con-
stant energy flux Π(ℓ) in the inertial range. Hence the rate of energy transfer must be
equal to the energy dissipation rate ε:

Π(ℓ) =
u3

ℓ

ℓ
= ε (1.19)

The above relation determines the Kolmogorov scaling for the velocities and the char-
acteristic times:

uℓ ∼ ε1/3ℓ1/3

τℓ ∼ ε−1/3ℓ2/3
(1.20)

The border between the inertial and dissipative range is identified by the Kolmogorov

scale η, where the dissipative and the inertial times are equal τℓ = τη

η ∼ ν3/4ε−1/3 (1.21)

Below the Kolmogorov scale, the viscous linear term dominates the evolution of the fluid
and the resulting velocity field is smooth and differentiable.

1.5 Kolmogorov Theory (K41)

The basic assumption of the Kolmogorov theory is the similarity hypothesis. If the inertial
range is large enough, the influence of the large scale forcing and the small-scale viscous
dissipation can be neglected and the Navier-Stokes equation recovers a scale invariance
of the kind

t, ℓ,u 7→ λ1−ht, λℓ, λhu λ ∈ R+, h ∈ R (1.22)

Therefore, the velocity fluctuations at a scale ℓ within the inertial range are supposed to
be self-similar δuλℓ ∼ λhδuℓ, where δuℓ(x) = [u(x+ℓ)−u(ℓ)] ·ℓ/|ℓ| is the longitudinal
velocity increment. Moreover the p-th moment of this distribution (also called structure
function) should scales as

Sp(ℓ) = 〈(δuℓ)
p〉 ∼ rhp (1.23)

Starting from the Karman-Howarth-Monin relation, Kolmogorov derived an exact
result for the third order structure function, the famous four-fifths law

S3(ℓ) = 〈(δuℓ)
3〉 = −4

5
εℓ (1.24)

The four-fifths law allows to fix the value of the scaling exponent h = 1/3 and together
with the self-similarity hypothesis leads to the Kolmogorov scaling law:

Sp(ℓ) = Cpε
p/3ℓp/3 (1.25)

where Cp are a unknown dimensionless constants, except for the universal value C3 =
−4/5. The scaling exponent h is also called Holder exponent, and is a measure of the
roughness of velocity field. In the viscous range, where velocity is smooth, h = 2.
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An interesting case corresponds to p = 2. The scaling of the second order structure
function implies the following power-law energy spectrum

E(k) = 2πk〈|û(k)|2〉 = C2ε
2/3k−5/3 (1.26)

The K41 theory can be alternatively derived by using dimensional arguments. The only
required assumption is the existence of a constant energy flux in the inertial range.

1.6 Intermittency

The basic assumption of Kolmogorov K41 theory is the self-similarity of turbulent flow.
Indeed, experimental data and numerical simulations over the last decades have shown
that the probability distribution function of velocity increments are roughly gaussian at
large scales but when small scales are considered, the tails of the distributions depart
from the gaussian behavior, and events larger that the standard deviation have a larger
probability to occur than in the Gaussian case.
This anomaly is confirmed by time series of turbulent velocities, which appear to be
roughly self similar, but once they are high-pass filtered reveals an intermittent behavior.
Hence, there is an alternation of periods of quiescence and periods of intense fluctuations.
This is equivalent to state that on small scales the statistics of velocity fluctuations is
strongly intermittent. To measure the departure from gaussianity, it is useful to consider
the flatness:

F (ℓ) =
S4(ℓ)

S2(ℓ)2
=

〈(δuℓ)
4〉

〈(δuℓ)2〉2
(1.27)

Since the fourth order moment receives contributions from the tails of the pdf, the flat-
ness gives a measure of how frequent are the events larger than the standard deviation.
While the flatness of turbulent velocity fluctuations on large scale is close to the gaus-
sian value F = 3, it grows on small scale, as a consequence of the non-similarity of the
fluctuations at different scales.
Measurements of the high order structure function have shown that a power law be-
havior is indeed observable with Sp(ℓ) ∼ ℓζp but the scaling exponents differ from the
dimensional K41 prediction ζp = p/3.

1.7 Scalar turbulence

A substance advected by a turbulent flow exhibits a complex, chaotically evolving struc-
ture over a broad range of space and time scales. The turbulent advection of substances
can be encountered in many natural phenomena, ranging from geophysical and astro-
physical flows, engineering problems and biological systems. Mathematically, these sub-
stances can be described as a scalar field. According to its coupling with the flow, a scalar
field can be classified into two categories: passive and active scalar. A passive scalar
is a quantity that is advected by a flow without giving any feedback on it. Conversely,
when the scalar field can influence the velocity field, this is labeled as active scalar.
This is the case for instance of density fluctuations acting through the buoyancy force
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[11]. Although active and passive scalars are governed by the same advection-diffusion
equation,

∂tθ + u · ∇θ = κ△θ + f θ (1.28)

their nature is radically different. Passive scalars belong to the realm of linear prob-
lems, despite being highly non-trivial. On the contrary, for active fields, the presence of
a feedback which couples the velocity with the transported scalar, makes the problem
fully non-linear. The passive scalar dynamics and the three-dimensional Navier-Stokes
presents a very similar behavior. In absence of external forcing and dissipation, the scalar
energy is conserved. In their presence, a steady state might appear. Typically, if the
forcing injects scalar fluctuations at large scales and diffusion are active at scales much
smaller, a cascade process is established towards the small scales. The Kolmogorov argu-
ment was extended by Obukhov and Corrsin. Under the hypothesis of scale invariance,
dimensional predictions give

δθℓ ∼ ε
1/2
θ ε−1/6ℓ1/3 (1.29)

where εθ = κ〈|∇θ|2〉 is the rate of scalar energy dissipation. Yaglom derived a similar

relation to the 4/5th law (1.24) for the flux of scalar energy:

〈δuℓ(δθℓ)
2〉 = −4

3
εθℓ (1.30)



Chapter 2

The Turbulent Ocean

The ocean is highly variable in time and space, due to a plethora of turbulent and non-
linear processes. Such processes range from 1 mm to 100 m scale for turbulent mixing,
and 1-100 km scale for large eddy activity. The combination of these processes makes
the ocean a wonderful example of complex system.
Mean depth of the ocean is around 4 km and there are differences in current speed
typically exceeding 0.1 m/s. The characteristic Reynolds number, Re of the ocean
consequently appears to be of oder 108. Indeed the ocean is turbulent through much of
the water column and at all scales. Turbulent motions are patchy or "intermittent" in
the body of the ocean. Another factor which has a crucial role in the nature of ocean
turbulence is density stratification.
It’s well known that ocean dynamics is strongly affected by density variations due to
temperature and salinity gradients. Salinity and temperature act in a opposite manner.
Indeed, an increase in salinity increases density, while an increase of temperature cor-
responds to a decrease in density. Although the dependence upon these two factors is
usually complex and non-linear, for small variations of temperature T , and salinity S,
the equation of state for density, ρ may be approximated by

ρ = ρ0(1 − αT + βS) (2.1)

where α, β are the thermal expansion coefficients.
Oceanographers rather than measure the density ρ in kg/m3, prefer to use values of a
quantity, called sigma-T σT , expressed without dimensions and equal to (ρ−1000). The
density of seawater in the upper ocean (orders of 100 m deep) is typically 1.028 × 103

kg/m3 or σT = 28 [79].

2.1 Stratification

In a stratified environment, the concept of buoyancy plays a key role. Consider a small
volume of water of density ρ, in a uniform density gradient dρ/dz. Now, if the blob is
displaced by a small perturbation from its initial position and then released, the body of
water will acquire an acceleration induced by the density difference.
If dρ/dz > 0, the acceleration is positive, the volume of water will move away from its
initial position. Thus, small disturbances grow and convection occurs. The stratification
is said to be unstable (in the sense of static instability).

11
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If dρ/dz < 0, density is increasing with depth (as usual in the ocean interior). Negative
accelerations of the water blob induce an oscillatory motion around the equilibrium
position with frequency N = [−(g/ρ0)dρ/dz]

1/2. The fluid is said to be stable or stably

stratified.
The frequency, N is called Brunt-Väisälä frequency (named after the Finnish geophysists
that first discover it) and characterizes the highest frequency of oscillations that occur
naturally following a disturbance in a stably stratified fluid. Because of the derivative, it
well characterizes the local stratification.
In the ocean, the variations with depth of density shows some prominent features

• Mixed Layer: The region immediately below the sea surface is often uniform in
density, typically to a depth of about 50-100 m. Solar radiation and turbulence
generated by wind, tend to mix the layer.

• Pycnocline: Immediately below the mixed layer, the density increases with depth.
Such increase is most commonly related to a decrease in temperature due to
the attenuation of solar radiation with depth and it also varies seasonally. The
pycnocline is then called seasonal thermocline. Here, the maximum buoyancy
frequency N is typically about 10−2.
In some regions, however, for example near a freshwater sources, as in river estuary
or fjord or near melting glacier, the density increase is mainly controlled by salinity,
and so it’s called halocline. Only in the lakes, where fluid is more stagnant and
with less exchange, measurements of the buoyancy frequency in the thermocline,
which is sometimes called metalimnion, is found to exceed N = 0.1 s−1 [69].
Below the seasonal thermocline, the mean density decreases further through the
mean pycnocline at depth 500 − 1000 m. In the ocean interior, turbulence is
usually weaker than the surface layer but still important and well characterized
by stratification. At all depths, the density usually increases monotonically with
depth, but it may exhibit variable gradients at small scale which constitute the
fine structure of the pycnocline.

• Deep ocean: Below the pycnocline, at depth greater than 1000 m, the mean
density continues to increase slowly, N reaching values of about 10−4 s−1. Close to
the bottom, turbulence generated at the seabed results in another mixed boundary
layer with little vertical gradients in density.

The density stratification in the various parts of the water column divides the ocean into
zones of different turbulence characteristics. In the second part of this thesis, we consider
the effect of stratification to model the turbulent flow as it were in the pycnocline.

2.2 Turbulent parameters

The oceanic values of ε have a vast range, extending over nine orders of magnitude, from
about 10−10 m2/s3 in the abyssal ocean to 10−1 m2/s3 in the most active turbulent
regions,such as in coastal zones and in tidal currents through straits.
By dimensional arguments, the length scale of the turbulent motions at which viscous
dissipation becomes important must depend only on the measures of turbulent motion,
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hence through ε and on viscosity ν (For water ν ∼ 0.88 × 10−6 m2/s). Therefore, to
have the correct dimensions of a length, the Kolmogorov viscous scale has to be pro-
portional to (ν3/ε)1/4 (ε has dimensions L2T−3 and ν has dimensions L2T−1, where L
is length and T is time). The oceanic values of ε mentioned, lead to a range of η from
about 6 × 10−5 m in very turbulent regions to 0.01 m in the abyssal ocean. Typical
values are reported in table (2.1).
Because of stratification, another relevant scale can be introduced. The so-called Ozmi-
dov length scale ℓO is defined as

ℓO =

√
ε

N3
(2.2)

and gives an estimate of the vertical size of the largest eddies which can overturn in
stably stratified turbulent water. For the point of view of K41 theory, it’s the outer scale
that divides the small-scale isotropy from the large scale anisotropy due to stratification.
Indeed, For ℓ < ℓO, the flow is almost isotropic meaning that buoyancy forces are
negligible, while for ℓ > ℓO stratification become relevant and alters the fluid structures.
The relationship expressed in (2.2) can be derived on dimensional grounds by supposing
that the scale of the inertial motion is large and comparable with the buoyancy forces and
that consequently viscosity is negligible. The Ozmidov scale characterizing the largest
eddies that can overturn also represents an upper bound of the vertical scale at which
the motion and density in turbulent eddies may be isotropic. At larger scales, eddies (if
they exist) will be flattened, with greater horizontal than vertical scale. Typical values
in the ocean are around 0.1 − 1 m. The description of the motion of a scalar field like
temperature or salinity, in some cases will extent to scale smaller than Kolmogorov scales,
which characterize the diffusion of the scalar quantities, heat or solutes by molecular
processes. The appropriate scale to consider is the so-called Batchelor scale, ℓb =
(κ2ν/ε)1/4. where κ = κT is the thermal diffusivity or κS, the molecular diffusivity
of the solute. The Prandtl number Pr = ν/κT , is approximately 7 in the ocean, and
so the Batchelor scale for heat is about 0.37η (using κT ∼ 1.4 × 10−7 m2/s). Since

Figure 2.1: A single internal solitary wave propagating from left to right. It appears as a
depression in the thermocline 20 m deep, advancing at a speed of about 1 m/s. The wave
was detected using an acoustic backscattering sonar pointed downward on a moving ship.
Reflections of sound by zooplankton and fishes in the thermocline make the wave ’visible’.
Figure from [51].
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ε [m2/s3] N [1/s] η [m] ℓO [m]
Abyssal Waters 10−10 10−4 10−2 10
Ocean Pycnocline 10−8 10−2 3 × 10−3 0.1
Surface Layer 10−4 10−6 3 × 10−4 /
Shelves & Fjords 10−2 10−1 10−4 3.0

Table 2.1: Typical parameters for different regions of the ocean, namely: energy dissipation
rate ε, the Brunt-Vaisala Frequency N , the Kolmogorov scale η = (ν3/ε)1/4 and the Ozmidov
scale ℓO = (ε/N3)1/2. Inspired from [7, 79].

κS ∼ 1.5 × 10−9 m2/s for the salinity, the Batchelor scale for salinity is about 0.039η.
In practice, these scales are very small. Measurements of salinity to its Batchelor scale
is usually impossible in the ocean, and even resolving temperature fluctuations to its
Bachelor scales poses severe difficulties.
In the past 30 years new techniques in optical and acoustic sensing, underwater imaging
(LIDAR) have been developed. As a consequence, many physical observations of the
underwater world have been made in different locations around the world, in both the
coastal zones and the open ocean. In some cases, they also revealed the profound
connection between physical phenomena and the marine life. One interesting example
is the detection of internal gravity waves by acoustic backscattering, made visible by
organisms (plankton and also small fishes) "surfing" on these waves (Figure 2.1).

2.3 Isopycnal and diapycnal mixing

In a stratified medium, denser seawater moved upwards into less dense water is subjected
to a net downward force. These forces lead to oscillatory motions or waves, called internal

waves. Differently from surface waves, which can only travel horizontally on the interface,
internal waves have both horizontal and vertical wavenumber components. Thus, they
can propagate at an angle with respect to the horizontal plane, transporting energy in
the vertical direction through the ocean interior. Internal waves break in variety of ways,
leading to turbulence within the body of the ocean.
According to the density landscape, the motion can be isopycnal or diapycnal. Mixing
that involves the transfer of fluid across the isopycnal surfaces of constant density is
called diapycnal mixing, whilst mixing involving the transfer of fluid properties parallel
to isopycnal surfaces, so involving no density change, is isopycnal mixing. So diapycnal
dispersion and isopycnal dispersion are similarly across and along isopycnals, respectively.



Chapter 3

Microbes in the Ocean

All aquatic environments, such as oceans, lakes and rivers, host an amazing variety and
quantity of microorganisms. They are also called "microbes" to generally denote almost
any organism with size ranging from few micrometers to few millimeters.
Although their small sizes, they constitute a large part of the world biomass and repre-
sent the foundations of the marine food webs. Their dynamics influences their life, the
ecosystems in which they live, and even the climate.

The marine environment seen from the point of view of a small plankton is very
different from the environment experienced by humans. For example, at the scale of
planktonic organisms, the medium is viscous and inertial forces are therefore insignificant,
which makes self-propelled motion very energetic. The density of water makes floatation
easier and fluid flow more important. Also senses are different from what we experience
as humans. Instead of sight and sound, they rely on less far-reaching senses, using
chemical gradients and hydromechanical signals. Others can sense gravity (and they are
called gyrotactic algae). In addition, microbes are used to move in a three-dimensional
environment, whereas humans mainly move in two-dimensions.

3.1 Phytoplankton

The term plankton refers to the group of organisms which dwell in the water column of
rivers, lakes and seas. The name derived from the Ancient Greek adjective πλανκτ óσ
(planktos) meaning wanderer or drifter. As the term implies, planktonic organisms float
freely in the water and live at the mercy of water movements. However, many phyto-
plankton have a limited capacity to swim through the water or change their position in
the water column (like diatoms).

A simple classification divided plankton in three main category:

• bacterioplankton: are bacteria and archaea. Many of them are saprotrophic
organisms, hence they obtain energy by consuming the organic matter produced
by other organisms. Bacteria may uptake nutrients dissolved in waters or live and
grow in association with particulate material such as marine snow. Many others
are autotrophic, deriving energy from either photosynthesis or chemosynthesis.

15
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Figure 3.1: The size scale from 1 µm up to 105 km showing some characteristic size ranges
of organisms and physical size scales. Taken from [41].

• phytoplankton: (From greek phyton, meaning plant) autotrophic microorgan-
isms that dwell in the euphotic zone where there is sufficient light to support
photosynthesis. Diatoms, cyanobacteria, dinoflagellates and coccolithophores are
the most representative sub-groups.

• zooplankton: (From greek zoon, meaning animal) include small protozoa, crus-
taceans, jellyfishes and various other animals that feed on other plankton.

Main focus is on phytoplankton. These organisms exist as single cells, or simple
multicellular forms. Species size range from orders of 1 µm to 100 µm, while growth
rates are few doublings per day for the fastest species, to one doubling every week or
ten days for the slowest species.

They are photosynthetic organisms that live suspended in water. They take up car-
bon dioxide for photosynthesis, hence they make carbohydrates using light energy and
release oxygen. For this reason are known as "primary producers". Therefore they sus-
tain the entire aquatic food web by creating organic compounds from inorganic ones
dissolved in the water.

Phytoplankton also need inorganic nutrients such as nitrates and phosphates which
they convert intro proteins, lipids and carbohydrates.

Because they need light, phytoplankton live in the euphotic zone. It’ is generally
defined by the 1% light level, thus the thickness of this layer in the ocean is confined to
the 200 − 300 m of the upper ocean, but it can vary depending on water turbidity and
other parameters.

Phytoplankton are some of the most critical organisms on Earth. The photosynthesis
of phytoplankton represents roughly half of the biological production on the planet Earth,
so almost equivalent to that of the forest and land plants. A comparison between
phytoplankton and primary producers on land is presented in table 3.1.

In this sense, oceans form a large reservoir of dissolved gases and matter that con-
tribute not solely to the maintenance of the marine life but also to the regulation of the
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Properties Plankton Terrestrial Plants
Size Small Large
Turnover Rapid Slow
Productivity 350 [mgChl/m2] 1400 [mgChl/m2]
Factors of selection Sinking and grazing Light, animals
Production/Biomass High Low
Transportation by Flow, animals Plants
Ambient Limitations Total Minimal

Table 3.1: A comparison between plankton and terrestrial ecosystems, inspired by [42].

atmosphere and the composition of the air we breathe.

Furthermore It plays a key role in the global carbon cycle, because of phytoplankton
growth and consequent death, sinking transports vast quantities of carbon out of the
surface layer where it can be sequestrated for long times. Another fraction is transferred
to different layers of the ocean as phytoplankton are eaten by other organisms, which
in turn reproduce, generate waste and die. This mechanism is often called biological

carbon pump and globally transfers about 1013 kg of carbon from the atmosphere to the
deep ocean each year. In the global carbon cycle, this is also denoted as blue carbon.
The dynamical mechanisms that control this supply occur over a large range of temporal
and spatial scales.

Phytoplankton productivity in the world ocean is now a major concern, because of
the role it is thought to play in modifying the carbon dioxide content of the atmosphere

Figure 3.2: Biological carbon pump. Phytoplankton in the euphotic zone fix carbon dioxide
via photosynthesis thus producing the particulate organic carbon (POC). POC is grazed on
by zooplankton and consumed by microbes. Between 1 and 40% of the primary production is
exported out of the euphotic zone. Respiration by zooplankton, bacteria and archaea returns
the organic material to inorganic forms, including dissolved inorganic carbon (DIC). Only about
1% of the surface production reaches the sea floor. Figure from [87].
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Compounds ppm D [10
−9

m
2/s] Sc = ν/D

Oxygen (O2) 883 2.1 421
Hydrogen (H2) 110 5.3 168
Carbon (CO2) 28 1.9 469
Nitrogen(∗) (N2) 15.5 2.2 403
Phosphorus(∗) (PO−

4 ) 0.088 1.5 605
Silicon(∗) (SiO2) 2.9 1.7 520

Table 3.2: Principal chemical compounds in the ocean. Concentration in ppm, mass diffusivity
D and Schmidt number Sc = ν/D. D can be also estimated from the Stokes-Einstein relation
D = kBT/(6πµR0), with R0 = (3M/4πNA)1/3 the solute radius and M the molecular mass.
Marked with (∗): some of the limiting nutrients for plankton growth. [12, 80].

and hence the scenario for global climate change.
Indeed, it is now commonly accepted that the primordial atmosphere has been trans-
formed and made suitable for life (as we know it) by tiny living organisms, named
Cyanobacteria, which are among the eldest photosynthetic organisms that start to as-
similate carbon from the atmosphere and release oxygen.

Besides carbon, phytoplankton regulates many other chemical cycles and represents
a biological channel to efficiently remove many compounds from the marine systems.
On the other hand, the sudden emission of large amount of toxic compounds and waste
by anthropogenic sources, cannot be properly regulated and removed, and indeed it’s
easily assimilated by those microorganisms and rapidly affects the entire ecosystem.

Within these insights, one of the major tasks (for a physicist) is to understand
how phytoplankton productivity is influenced by the physics of the ocean. As we have
already remarked, this influence operates at many scales, from ocean basin circulation,
through localized areas of upwelling, down to the smallest scales of turbulence that affect
individual cells.

3.2 Nutrient Uptake

Microbe life is all about encounters. In the ocean, phytoplankton cells need to encounter
molecules of nutrient salts and inorganic carbon, at the same time they have to reproduce
and escape from predators. Hence, it’s all related to encounters or avoiding encounters.

According to this philosophy, the behavior, the morphology and the ecology of marine
microbes could be understood in terms of adaptations to undertake these missions and
the diversity of forms, functions and behaviors among species must be the result of
different ways of solving the problem in the environment in which they live.

The sea water is a complex soup of living and dead organisms, dissolved or suspended
inorganic compounds. The basic building blocks for marine plankton are carbon diox-
ide (CO2), water (H2O), nitrogen (N as in nitrate NO−

3 , nitrite NO−
2 , ammonia NH+

4 ),
phosphorus (P as phosphate PO−

3,4) and potassium (K) followed by Sulfur (S), Magne-
sium (Mg) and Calcium (Ca). Iron (Fe) is an essential component of enzymes and is
copiously available in soil, but not in sea water. This makes iron an essential nutrient
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Figure 3.3: a) Thermococcus, b) Cyanobacteria, c) Geophyrocapsa oceanica, d) Chlamy-

domonas, e) diatom, f) paralia sulcata (Diatom). Different forms of colonies: g) Asteri-

onellopsis Glacialis (Diatoms), h) Dynobrion, i) Trichodesmium (Cyanobacteria), k) Volvox

(Chlamydomonas). j) Marine snow. Zooplankton: l) Copepod, m) Daphnia.

for plankton growth. Furthermore, plankton organisms (like diatoms) that make shells
of silicon compounds need dissolved silicon salts (SiO2) can be rather limiting.
The ocean generally has plenty of water and carbon dioxide, but can often be depleted
in nitrate, phosphate and other "fertilizers" of plankton growth. For these reasons, they
represents limiting factors in the uptake process. Typical concentrations in mid-ocean
are reported in table (3.2).
Obviously, nutrient concentration in the water may vary from place to place, depending
on many external factors. For example, upwelling regions and coastal zones, in particu-
lar near river estuaries, are commonly denoted as sources of nutrient. Conversely, open
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ocean is more like a desert vastness, where little nutrients are available.

Smoluchowski (1916) was the first to solve the simple diffusion problem (illustrated
more in details in part 3) of a sphere absorbing in a homogeneous nutrient field. He
obtained the following relation for the uptake rate

κs = 4πDRρ∞ (3.1)

which is linearly dependent of cell radius and with slope proportional to the ambient
nutrient concentration.

The expenditure (metabolism) of a unicellular organism increases in general as a
power of the cell size Rγ with usually γ > 1, (approximately with the area, γ = 2).
Because the growth of a cell equals the difference between its uptake and the expenditure,
the maximum possible cell size is attained when the uptake balances the expenditure.
Similarly, the optimal cell size is obtained when the gain (uptake minus expenditure) is
the largest possible. Both optimal and maximal cell sizes increase linearly with ambient
nutrient concentration [25]. When the maximum cell size has been reached the cell can
continue its growth only by dividing.

In diatoms, daughter cells are always smaller than the mother cell, and cell size
therefore declines with the number of divisions. During a phytoplankton bloom, dividing
diatoms continuously decrease in size until the exhaustion of the ambient concentration
of inorganic nutrients. The declining cell size will allow a population of diatoms to sur-
vive longer than if cells had remained at the initial large size and it will permit a large
final population size at bloom termination.

Figure 3.4: A schematic view of the transfer of nutrient molecules into a microbial cell.
Nutrients are transferred by the turbulence in the background environment and molecular
diffusion near the cell wall. The gradient in nutrient concentration drives molecules towards
the cell by molecular diffusion. Molecules at the cell wall are trapped and transferred inside,
depleting the concentration near the cell surface. Taken from [87].
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Figure 3.5: Optimal and maximum cell size of an osmotroph. Maximum cell size is obtained
where the uptake and expenditure lines intersect. On the contrary, optimum cell size is gained
where the difference between uptake and expenditure curves is the largest. Figure redrawn
from [28].

Large osmotrophs are more likely to become nutrient limited than small ones and there-
fore small sizes can be considered an adaptation to low nutrient availability and to
efficient completion for limiting nutrients. An exception to this consideration is repre-
sented by diatoms, which can increase their cell radius, using a big vacuole, without
increasing the cell content of nutrients.

To describe the rate of uptake of a colony of cells, a Michaelis-Menten kinetics was
first introduced by Dugdale (1967) in analogy with chemical reaction kinetics [15].

κ =
Km ρ∞
ρs + ρ∞

(3.2)

where Km is the maximum uptake allowed by the reaction and ρs is the half-saturation
factor. In the dilute case (ρ∞ ≪ ρs), uptake response is linearly proportional to the
concentration outside the cell, as κ ∼ βρ∞ with β = Vm/Ks which is also called affinity.

More sofisticated models ([3]) consider the fact that microorganisms usually do not
absorb nutrient homogeneously on their surface, but only through special receptors lo-
cated on the surface. Therefore, one may consider that the probability of a nutrient
particle reaching the surface and being absorbed, is given by Pabs = ν/(1 + ν). In the
limit ν → ∞, P → 1, nutrient particle is always absorbed. This result can be connected
to the empirical formula of Michaelis-Menten in order to extract the parameters relevant
for biologists.

κ(β) =
β ρ∞

1 + βρ∞/Km

= 4πDR(β)
ν

ν + 1
ρ∞ (3.3)

In literature the values of these parameters for phytoplankton can be heterogenous de-
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Species β κs ν
10

−10[L/(cell s)] 10
−10[L/s] [ ]

aPeridinium Sp. 0.3 6.2 0.04
aDinobryon Sociale 0.1 0.6 0.19
bChlorella pyrenoidosa 0.1 1.3 0.08
cMicrocystis aeruginosa 0.02 0.6 0.03
cAsterionella Formosa 0.06 6.3 0.01
dChlamydomonas acidophila 0.3 1.3 0.28

Table 3.3: Biological parameters. Affinity rate β, Smoluchowski rate κs and Capture proba-
bility ν. References from a) Lehman (1976), b) Nyholm (1977), c) Holm,Armstrong, (1981),
d) Spijkerman (2007). Inspired from [66].

pending on the species, as shown in table (3.3) we calculated using expressions (3.2) and
(3.3), (so that ν = β/(κs−β)), the parameters of our model that are relevant in biology.

In the all previous reasoning it has been assumed that organisms and particles are
spherical. Although many phytoplankton species and bacteria deviate from spherical
shape, adopting elongated and more fancy shapes.
The problem of flux of nutrients by diffusion clearly depends on the particle shape. The
question of interest is where and how much is relevant this effect. To compare different
shapes, it’s necessary to consider particles with equivalent volume. Thus we can com-
pute the uptake rate per unit volume.
It turns out that the uptake rate is larger for an ellipsoid than for a sphere of the same
volume, but the effects is rather modest. For example, an aspect ratio of 10 enhances
the flow by a factor of ∼ 1.4, and by a factor of 13 for an aspect ratio of 1000.

However, there is evidence that some bacteria adapt to limited resources and star-
vation by elongating [76]. Cell stretching is not without a cost. Sphere has the lowest
possible surface area for a given volume. Because there are expenses associated with the
deformation of cell walls, the advantage of stretching thus appears to be rather limited
and non-spherical shapes may be related to the optimization of other cell functions.

To overcome the limitations imposed by diffusion, shape is not the only strategy
that plankton can achieve. The mechanisms responsible for nutrient encounter can be
diverse, but intuitively depend on two factors: motility of the targets and the traps and
the fluid motion that may enhance encounter rates. For clearance, motility includes the
diffusivities of the particles, swimming speed of the organisms and sinking of particles.
Ambient fluid motion essentially means turbulence, since planktonic organisms are em-
bedded in the general flow.
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Figure 3.6: Plankton patchiness. Satellite image of phytoplankton swirling around the Swedish
island of Gotland in the Baltic Sea , in 2005. Algae Bloom in the Barents Sea on 24 August
2011. (Image from Sentinel-2A taken on 7 August 2015)

3.3 Phytoplankton Patchiness

The distribution of phytoplankton in the ocean is highly heterogenous. Indeed, ocean
is a strongly non-homogeneous system, presenting a variety of structures such currents,
gyres down to the small scales of turbulence.

Heterogeneity of the water motion induces similarly a patchy and complex distri-
bution of nutrients and organisms. This patchiness is one of the oldest oceanographic
observations and spans a wide range of spatial scales, from thousands of kilometers down
to a few centimeters, both in vertical and horizontal dimensions.

On the planetary scale, (which means timescale beyond the year), the transport
of nutrients is controlled by the thermohaline and wind-driven circulations. At the
mesoscale scale, patchiness is mainly driven by locally enhanced growth rates, supported
by mesoscale processes such as nutrient upwelling and front formation [38].

At smaller scales, the so-called submesoscales fronts arise from nonlinear instabilities
of the mesoscale currents. They have horizontal extents of 1 − 10 km, vertical scale of
orders of 100 m and last for days.
Finally, at the smaller scales, patchiness is the consequence of the interaction of plankton
with chemical and hydrodynamical gradients.

Spatial heterogeneity can strongly influence ecosystem stability by affecting the mean
abundance of both phytoplankton and their predators, and feedback on nutrient distribu-
tion. It is also crucial in sustaining the diversity of plankton. Therefore an understanding
of patchiness and the underlying mechanisms that cause it, is crucial to a better under-
standing of the marine ecosystems.
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Event N2 [10−3 s−2] ε [10−7 m2s−3] H [cm] a [10−2 cm]

A 2.7 1.8 90.25 1.0
B 1.5 1.0 71.40 1.7
C 7.1 2.5 50.00 0.8
D 0.3 0.4 143.50 2.4

Table 3.4: Observed layer thickness from Dekshenieks et al. (2001) and other parameters
namely: Brunt-Väisälä frequency N2, energy dissipation rate ε, thickness of the TPL H,
particle radius a.

3.4 Thin Phytoplankton Layers

A particular form of patchiness that occurs at submesoscales is the so-called thin phy-

toplankton layers (TPLs). This kind of patchiness occurs when a large number of
microorganisms accumulates within a small portion of the water column. They are co-
herent aggregations of phytoplankton, that can extend horizontally for many kilometers
and have vertical extents on order of centimeters to a few meters [13].
Thin layers are particularly common in the coastal zones (including estuaries, fjords and
bays). Nevertheless they are observed in open ocean as well. Sometimes it has been
observed the presence of multiple layers composed by distinct species which occupy dif-
ferent depths along the water column.

Thin layers may contain high concentration of microorganisms, with density ranging
up to 1000 times those found outside the layers. They can often contain 50 − 75% of
the total biomass in the water column. Concentration profiles are also characterized by
very strong vertical gradients.

This layers can persist for periods of hours, days up to weeks. However a precise
measure of the persistence time of a layer is difficult to exploit due to the sampling effort
and the changing ambient conditions.
The extraordinary concentration of living material has important consequences on many
aspects of marine ecology, including growth rates, nutrient uptake rates and grazing, but
also in ocean optics and acoustics. For these reason, TPLs have received considerable
attention from oceanographers, biologist and mathematical modelers.

Several mechanisms have been proposed to explain the formation of thin layers and
their characteristics [16]. Because of the complexity of the marine environment different
mechanisms can concur to explain different distributions.

But there is not a unique explanation. Some mechanisms are driven by purely physical
aspects, some others by purely biological features or a combination of the two. This
suggests that depending on biological and physical conditions, one may infer on the
underlying mechanism [5]. Here we expose a collection of the main mechanisms:

• Straining by shear: A vertical gradient in the horizontal velocity can stir a patch
of some scalar into a thin layer. This occurs by differential advection, through
which portions of the patch at different depths are transported with different
velocities. It’s been observed that layers often occur in regions of high vertical
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shear. Shear also affects the thickness of the layers. The stronger shear, the
thinner layer.

• Convergent swimming: Swimming species can be attracted by different factors:
nutrient concentrations, light availability or pleasant temperature/salinity gradi-
ents. All of these can induce an active swimming response towards a preferred
depth.

• In situ growth: This can occur when a fast growth is enhanced in a specific
region or depth. For example, when the spatial distribution of nutrients is not
homogeneous within the water column.

• Gyrotactic trapping: Vertical gradients in shear can disrupt the vertical migration
of motile phytoplankton. In region where shear rate is too high with respect to
swimming speed, cells are trapped and start to tumble. In this way a thin layer
will form at the depth corresponding to high shear rates.

• Buoyancy: Swimming is not the only way for phytoplankton to control their ver-
tical position in the water column. Indeed, they can also regulate their buoyancy,
that is their relative density with respect tot that of the surrounding water, by in-
flating gas vacuoles (e.g. diatoms). In this way the microorganisms can be heavier
(or lighter) than water, going downward (or upward).
The occurrence thin layers is often correlated with strong gradients in fluid density.
Stratification can acts in a double way. In a stably stratified environment (pyc-
nocline), layers can be produced because sinking particles naturally reach neutral
buoyancy. On the other hand, stratification suppress vertical turbulent velocity,
confining the dispersion of microorganisms in the vertical direction within a "pan-
cake" shaped layer.

Figure 3.7: a) Thin layers observed in 1967 off La Jolla, California. The black line shows the
continuous vertical chlorophyll concentration profile measured using a submersible pump and
a ship-based fluorometer. b) Profiles of Chl a concentration and temperature observed in 2005
at Monterey Bay, California using a microstructure profiler equipped with a suite of biological
and physical instruments. Figures from [16, 77].
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Chapter 4

Stratified Flows

Fluids subjected to stable and strong stratification are a common phenomenon in the
atmosphere, oceans and lakes. Owing to its importance for understanding geophysical
flows, stratified fluids have been investigated in many theoretical, experimental and nu-
merical studies. A commonly observed feature of strongly and stably stratified fluids in
laboratory is the formation of clear, quasi-horizontal layers, often described as pancake
structures. In a stable configuration, the heavy mass of fluid stay at the boom and it
becomes lighter and lighter as height increases.
A very common assumption in geophysical fluid dynamics is the Boussinesq approx-

imation [70, 60]. It states that the density field can be considered constant almost
everywhere and its fluctuations become important only when coupled with the gravity
acceleration, giving rise to buoyancy forces. In other words, we are assuming that gravity
acceleration is larger than any other acceleration of the fluid.
This procedure maintains fluid incompressible, and Mach number M = u/cs ≪ 1, where
cs is the speed of sound. This permits to eliminate sound waves and shock waves from
the mathematical formulation. In practice, the information of the change in density that
appears in a certain point, drives instantly to reach every points in the domain.

4.1 Boussinesq Equations

Within the Boussinesq approximation, a fluid subjected to the action of a gravitational
field is governed by the Boussinesq equations:

∂tu + u · ∇u = −∇P +
ρ

ρ0

g + ν△u (4.1)

∂tρ+ u · ∇ρ = κ△ρ (4.2)

∇ · u = 0 (4.3)

where P = p/ρ0 is a rescaled pressure, ν is the kinematic viscosity. The evolution of
the density field is supplied by an advection-diffusion equation. Since the density affects
the dynamics of the flow, ρ is an active scalar field.
Assuming a stable configuration with density profile ρ = ρ0 − γ(z − θ) where γ gives
the intensity of the mean gradient and θ is a fluctuation on the mean gradient, rescaled
by γ to have the dimension of a length. Plugging in the Boussinesq equations, one gets

∂tu + u · ∇u = −∇P −N2θẑ + ν△u (4.4)

29
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∂tθ + u · ∇θ = w + κ△ρ (4.5)

always supplied by the incompressibility condition. Using the properties of the gradients,
all constant term coming from the mean gradient can be hidden in the pressure gradients
to form a geo-potential, while the resulting equations are fully governed by the density
fluctuation θ.

4.2 Internal Gravity Waves

Boussinesq equations satisfy also a wave-like solution [78, 46]. The linearization the
equations (4.1-4.3) consists in neglecting the non-linear terms (and dissipations in first
place). Equations becomes:

∂tu = −∇p−N2θẑ (4.6)

∂tθ = w (4.7)

We search for a solutions in the form {u, θ, p} = {û, θ̂, p̂}ei(k·x−ωt). Inserting back in
the linearized equations, we obtain a set of algebraic equations Lijψj = 0





iωû = ikxp̂
iωv̂ = ikyp̂
iωŵ = ikzp̂+N2θ

iωθ̂ = −ŵ
ikxû+ ikyv̂ + ikzŵ = 0

(4.8)

In matricidal form, Lijψj = 0, with ψ = (û, v̂, ŵ, θ̂, p̂)

L =




ω 0 0 0 −kx

0 ω 0 0 −ky

0 0 ω iN2 −kz

0 0 −i ω 0
kx ky kz 0 0




(4.9)

With some algebrical passage, the matrix can be diagonalized, leading to the following
dispersion relation

ω = N
|kh|
|k| (4.10)

where |k| is the modulus of the total wavenumber, while |kh| prefers to the sole horizontal
part. It can be rewritten as ω = NcosΦ, where Φ indicates the angle of propagation
of the wave with respect to the vertical direction. Note also that the existence of such
waves is bounded in the range of frequency [0, N ].

4.3 Energy balance

The Boussinesq equations (4.4-4.5) is possible to derive the conservation laws for the
global balance. Now consider the spatial integration over a periodic domain, one defines



31 4.3. Energy balance

Figure 4.1: vertical section of the density fluctuation θ obtained from a DNS with resolution
5123. Values to θ are represented from light to dark colors.

the kinetic energy EK = 1
2
〈|u|2〉 and the potential energy EP = 1

2
N2〈|θ|2〉. The energy

balance reads
d

dt
EK = −N2〈wθ〉 − 2νZ

d

dt
EP = N2〈wθ〉 − 2κDκ

(4.11)

where Dκ = 〈|∇θ|2〉 is the dissipation of potential energy wθ is the exchange term,
responsible in the conversion of kinetic energy into potential energy and vice versa.
With the equations in this form, it’s difficult to determine any invariant, due to the
mutual interaction of the fields. However, the total energy E = EK + EP follows the
balance

d

dt
E = −2νZ − 2κDκ (4.12)

from which one deduces that in the inviscid limit ν, κ → 0, the total energy is the only
invariant of the system.
In fully developed turbulence, total energy in the inertial range is expected to be sta-
tistically preserved by the dynamics and reach a steady state. Dissipative anomaly for
the kinetic part leads to relation εf = εν + εκ. The physical meaning of this relation
is that the energy injected at large scale in the route towards dissipation is transferred
by two diverse channels. Obviously, the total dissipation energy rate, that we define as
εT = εν + εκ has to balance the injection rate.
Assuming that a dissipative anomaly takes place also for the scalar field, one obtains the
relation 〈wθ〉 = εκ/N

2. The last expression implies that the conversion of energy on
average has a definite sign, and thus a definite direction from kinetic energy to potential.
Indeed, It’s easy to see that in equations (4.11), the exchange term 〈wθ〉 represents a
sink for the kinetic energy and a source for the potential energy [74].
In the literature, the quantity Γ = εκ/εT is often called mixing efficiency [61]. In the limit
of vanishing stratification Fr → ∞, one has trivially εκ/εT → 0 and εν/εT → 1. At
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Figure 4.2: Vertical section of the density field z − θ for different Fr = (1, 0.5, 0.2, 0.1). As
stratification increases (from left to right), the system experiences the transition from isotropic
to strongly stratified regime, and the isopycnals tend to flatten. Box resolution 1283.

increasing stratification, the fraction of energy dissipated by viscosity reduces, while the
energy dissipation due to diffusivity grows. In the limit of strong stratification Fr → 0,
numerical and theoretical evidences suggests that the two dissipations may become of the
same order εν ≃ εκ and therefore the mixing efficiency Γ could approach asymptotically
the value 1/2.

4.4 Stratified Turbulence

From the point of view of theoretical physics, this new ingredients makes the formu-
lation qualitatively different from the homogeneous isotropic turbulence, formulated by
Kolmogorov. Indeed, the effect of gravity pointing in the vertical direction, breaks down
the isotropy of the flow.
The strength of the buoyancy forces can be expressed in relation to the inertial forces,
through a dimensional number called Froude number

Fr =
U

NL
(4.13)

which comes out from the scaling analysis of the Boussinesq equations. It can be also
interpreted as the ratio betweeen the typical timescale of the stratification τs = N−1

and the advective timescale τa = L/U .
Using the definition of the scales relevant for stratified flows given in the introduction,
with L being the large scale of the flow, η the Kolmogorov scale, ℓO the Ozmidov scale,
it’s possible to construct the following adimensional parameter:

Fr =

(
ℓo

L

)2/3

, Re =

(
L

η

)4/3

, Reb =

(
ℓo

η

)4/3

called respectively the Froude number, The Reynolds number and buoyancy Reynolds
number which is by definition Reb = ReFr2. They divide the range of scale in three
ideal subranges: Froude number controls the extension of the range characterized by
stratification, while the buoyancy Reynolds number the isoptropic subrange before vis-
cosity, but the total extension of the inertial range is still controlled by the Reynolds
number. In order to have stratified turbulence, the Ozmidov scale has to be included
in the inertial range, which therefore requires that ℓO > η, and so Reb > 1. Otherwise
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Figure 4.3: Diagram of the different regimes depending on the value of Re and Fr.

turbulence will be isotropic. In the extremal cases, isotropic turbulence or stratification
dominated on the other. For sufficiently large Fr, one can see the appearance of coher-
ent layered structure, also called pancake, blini etc, and their typical scale is referred to
buoyancy scale ℓb = U/N . For turbulence-dominated situation, ℓb must be larger than
ℓo but bounded by ℓf . Although Ozmidov scales is responsible of breaking isotropy in
the system, it is do not change the paradigm of the picture of energy cascade. Smith
& Waleffe carried out numerical simulations of stratified fluids with forcing at relatively
small scales. They observed a very slow monotonic growth and the kinetic energy, and
attributed this growth to energy piled-up in shear modes.

4.4.1 Scaling Analysis

The dynamics of stratified turbulence can be understood by considering some simple
scaling arguments and by using the limit for small Froude number Fr ≪ 1. If we
are interested in turbulence, we need to wash out gravity waves. We define the set of
dimensionless quantities:

x = L x̃, t =
L

U
t̃, uh = U ũh

w = FrαUw̃, p = U2p̃, θ = LFrβ θ̃

with L being the typical length scale, α, β > 0. The scaling time is chosen as the
advective time scale. Inserting the Boussinesq equation we obtain, the "Pancake" or
"Blini" turbulence scaling for small Fr.

∇h · uh + Frα∂w

∂z
= 0 (4.14)

∂

∂t
uh + uh · ∇huh + Frαw

∂uh

∂z
= −∇hp+

1

Re
△uh (4.15)
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Frα

[
∂

∂t
w + uh · ∇hw + Fr2αw

∂w

∂z

]
= −∂p

∂z
− Frβ−2θ +

Frα

Re
△w (4.16)

∂

∂t
θ + uh · ∇θ + Frαw

∂θ

∂z
= Frα−βw +

1

Pe
△θ (4.17)

Following the choice of Billiant and Chomaz, we set α = β = 2. For Fr → 0 these
equations are reduced to describe strongly stratified turbulence

∂tuh + uh · ∇huh = −∇hp+Re−1△uh (4.18)

∂tθ + uh · ∇hθ = w + Pe−1∇2θ (4.19)

∇h · uh = 0 0 = −∂zp− θ (4.20)

Note that vertical velocity component has lost its evolutive character and it’s simple a
diagnostic variable. Thus, in theory eq. (4.18) and incompressibility in (4.20) can be
solved independently of the others to obtain the horizontal velocity components and the
pressure. Then equation (4.20) can be used to obtain θ and finally w can be obtained
from (4.19). Equations suggest that vertical pressure gradients caused by differential
horizontal motions will induce vertical displacements and velocities. Pressure can be
expressed in terms of scalar field p(x, t) =

∫
θ(x, t)dz. Although, equations appear to

describe a two-dimensional flow, they do admit solutions that vary in three-dimensions.
Horizontal velocity field in each layer is coupled in the vertical direction through the
scalar equation.
For geophysical flows, the strongly stratified turbulence is arguably of particular interest,
but the condition under which this regime can be found (high Re and low Fr) are hard
to meet in laboratory experiments and numerical simulations. Only few of the present
simulations have just met the conditions, as shown in the sketch (4.3), but further
experiments and simulations at higher Re and Fr are needed to study more accurate
the dynamics in the regime of strongly stratification.



Chapter 5

The Floater Model

In this chapter, the first original work on a model of lagrangian transport for floating
particles is presented. First we introduce the famous Maxey-Riley model that describes
the motion of a small particle transported by a general flow. Then we proceed to present
the phenomenology of inertial particles which is the starting point for the study of floating
particles in presence of buoyancy forces. After the derivation of the Floaters model, we
describe the the direct numerical simulations performed using a turbulent stratified flow
and study the statistical features at large scales and small scales.

5.1 Inertial Particles

A massive particle with finite size a and density ρp immersed in a fluid is subjected to
different forces. Maxey-Riley equations for an inertial particle is given by

mp
dv

dt
= −1

2
mf

d

dt
(v − u) − 6πµa(v − u)

+mf
Du

Dt
+ (mp −mf )g

(5.1)

wheremp is the mass of the particle, mf is the mass of the fluid, µ is the dynamic viscosity
of the fluid [43]. The derivative D/Dt is the total Lagrangian derivative following
the particle. Of the terms in the above equation, the left-hand side represents the
acceleration of the particle. On the right-hand side, one easily recognizes in the first
term as the added mass, the steady-state drag, the Lagrangian acceleration term, caused
by the acceleration of the fluid, and the gravitational, or body, force. We neglected the
Basset term and the history term. Dividing by the volume of the particle Vp, such that
mp = ρpVp, one gets

ρp
dv

dt
= −1

2
ρf
d

dt
(v − u) − 9

2

νρf

a2
(v − u)

+ρf
Du

Dt
+ (ρp − ρf )g

(5.2)

Now gathering all the common terms, we get

(ρp +
1

2
ρf )

dv

dt
=

3

2
ρf
D

Dt
u − 9

2

νρf

a2
(v − u) + (ρp − ρf )g (5.3)
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And from this, it follows

v̇ = β
Du

Dt
− v − u

τp

+ (1 − β)g (5.4)

where we have reduced the parameters of the equation to the Stokes time τp = a2/(3βν)
and the density contrast β = 3ρf/(ρf +2ρp). Note that for heavy particles, β is close to
zero, for neutral particles β = 1 while for light particles like bubbles β = 3. Conversely,
in the limit of tracers particles the Stokes time goes to zero while for massive particles
St goes to infinity (Ballistic limit).





ẋ = v

v̇ = −v − u

τp

+ β
Du

Dt
+ (1 − β)g

(5.5)

The relative inertia can be quantified via a non-dimensional number called the Stokes
number, which is built by the ratio of the Stokes time and a relevant characteristic
timescale of the flow:

St = τp/τf

In the case of turbulence, it’s common to choose to Kolmogorov viscous time τη =
(ν/εν)1/2. One remarkable feature of the inertial particles is the manifestation of clus-
tering, hence they concentrate in regions of the carrier flow. The dynamics described by
equations (5.5) is dissipative, so we may expect the contraction of the phase space and
that the long time behavior of those particles converge toward a multi fractal set. Two
limits have been explored

• St ≪ 1. In the limit when St → 0, particles behave almost like tracers. The
small response time τp permits to cancel out the velocity difference v − u. Under
this approximation, particles advected by an incompressible velocity field, tends to
fill the whole phase space and the resulting fractal dimension is equivalent to the
space dimension D2 = d. Hence, particles distribution is homogeneous in space.
Expansion for very small response time may be used. By including the first leading
order one gets

v = u − τp (∂tu + u · ∇u) (5.6)

• St ≫ 1. The case of large inertia is equivalent to consider heavy particles. This
approximation found numerous applications in astrophysics (protoplanets forma-
tion) and atmospheric physics (aerosol and drop condensation in clouds). The
particles response to the velocity fluctuations with large delay, and can decorrelate
from it. This results in formation of caustics, where particles may reach the same
position with different velocities. Neglecting gravity, which can be very important
by the way, dynamical system reduces to

v̇ = −v − u

τp

(5.7)

In the limit St → ∞, particles fill all the phase space, therefore D2 = 2d.
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5.2 Floaters Model

In this section we derive a consistent model for floating particles in a stratified environ-
ment within the Boussinesq approximation. According to this model, particles are able
to adjust their density with that of the surrounding fluid.
Fluid stratification is given by ρf = ρ0 − γ(z − θ), where γ is the mean gradient and θ
is a fluctuation term. Starting from the Maxey-Riley equations (5.5), it’s convenient to
introduce the co-velocity w = v − u.





ẋ = w + u

ẇ = −w

τp

+ (1 − β)
(

g − Du

Dt

) (5.8)

Boussinesq approximation states that gravity is larger than any acceleration of the par-
ticles. Assuming that ·u ≪ g, we can neglect all other accelerations expect gravity. We
restrict to the situation where particles are almost neutral buoyant with the fluid, fixing
ρp = ρ0. Expanding the term (1 − β) in the vicinity of β = 1, we obtain

1 − β = 1 − 3(ρ0 − γζ)

3ρ0 − γζ

ζ→0∼ 2

3

γ

ρ0

ζ (5.9)

where we have defined ζ = z − θ. Using the fact that g = −gẑ and introducing the
Brunt-Väisälä frequency as N2 = γg/ρ0, the model becomes





ẋ = w + u

ẇ = −w

τp

− 2

3
N2(z − θ)ẑ

(5.10)

Since phytoplankton are usually small sized, we may suppose an additional approximation
by taking the limit for small stokes time τp. Therefore, one can neglect the acceleration
and obtain a first order ODE

ẋ = u − 1

τ
(z − θ)ẑ (5.11)

where τ−1 = (2/3)N2τp represents the relaxation time due to buoyancy and inertia.
Although the fluid velocity u is incompressible, the velocity field transporting the floaters
is not since ∇ · v = −τ−1(1 − ∂zθ), which is in general non-zero. This expression
represents the rate of contraction of the phase space (in this case it coincides with
the spatial space) under the dynamics. When it is negative, trajectories of floaters are
expected to collapse on a (dynamical) fractal attractor in the phase space.

5.2.1 Isopycnal Coordinate

Since we are interested to study a measure of the relative distance from the isopycnal,
we introduce the isopycnal coordinate ζ = z− θ. The equation of motion must consider
the fluctuation of θ along the particle trajectory. So one can write

dζ

dt
=
dz

dt
− ∂θ

∂t
− v · ∇θ (5.12)
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Figure 5.1: Solution of the stagnant case for underdamped (τp = 0.1) and overdamped
situation.

where v denotes the particle velocity. Straightforward passages end up with the following
equation

ζ̇ = −ζ

τ

(
1 − ∂θ

∂z

)
(5.13)

The obtained equation describes an exponential falling or escape from the isopycnal
ζ = 0, depending on the sign of 1 − ∂zθ. This also appears to be closely related to the
compressibility experienced by the particles Γ. Indeed, in regions where ∂zθ < 1, articles
are expected to reach the surface with an exponential landing, while where ∂zθ > 1,
particles can experienced a sudden escape from the isopycnal. Gradients exceeding unity
indicates also that in such regions isopycnal undergoes a fold, so they are multivalued
surfaces. Thus, one can study how much the mechanism of isopycnal folding could be
intimately connected with the particle motion.

5.2.2 Stagnant case

First we study the case in the absence of flow (u = 0) and density fluctuations (θ = 0).
The equations of motion can be rewritten in the following form:

z̈ +
ż

τp

+
2

3
N2 z = 0 (5.14)

which describes the evolution of a inertial rotor with initial conditions z(0) = z0 and
ż(0) = w0. General solution can be expressed by

z(t) = A exp(λ1t) +B exp(λ2t) (5.15)

The characteristic equation λ2 + τ−1
p λ+ (2/3)N2 = 0 reports two values

λ1,2 = − 1

2τp

± α, α =

√
9 − 8N2τ 2

p

6τp

(5.16)

Also note that λ2 − λ1 = 2α. After some algebraic calculations, the solution is given by

z(t) = e−t/2τp

[
z0 cosh (αt) +

(
w0 +

z0

τp

)
sinh (αt)

α

]
(5.17)
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Two limits can be explored.

• Underdamped solution (τp ≪ 1) If the effects of inertia are small, Equation
5.14 reduces to ż + z/τ = 0, with τ−1 = 2

3
N2τp which has solution

z(t) = z0e
−t/τ .

The result is an exponential falling towards the isopycnal level z = 0. In a com-
pletely equivalent way, we can obtain the same expression, by expanding the general
solution for small values of the stokes time, using λ1 ∼ −1/τp + 1/τ , λ2 ∼ −1/τ ,
α ∼ 1/2τp − 1/τ and 1/α ∼ 2τp.

• Overdamped solution (τp ≫ 1) In the limit of large τp, equation 5.14 reduces
to that of a frictionless oscillator of the type z̈ + 2

3
N2 z. Solution is then given by

z(t) = z0 cos(
√

2/3Nt) + w0

√
2/3 sin(

√
2/3Nt)/N

Alternatively, the expansion of the general solution for s ≡ 1/τp → 0 is obtained

using λ1,2 ∼ ±i
√

2/3N and α ∼ i
√

2/3N .

5.3 DNS of the overdamped floaters

The numerical simulations presented in this section are published in the paper [75]. Sim-
ulations are performed in a triply-periodic domain of size L of stably stratified fluid in
the z-direction with linear vertical profile, ρ = ρ0 − γ(z − θ). Within the Boussinesq
approximation, the motion for the incompressible velocity field u(x, t) is ruled by equa-
tions (4.4-4.5). Turbulence is sustained using an external mechanical forcing, which is
an three-dimensional isotropic random δ-correlated in time forcing, acting in a narrow
band at large scale with forcing wavenumber kf and injection rate εf .
These parameters define, together with the Brunt-Vaisala frequency, the Froude number
Fr = ε

1/3
f k

2/3
f /N , the buoyancy Reynolds number Reb = εf/νN

2. The present simula-
tions are mostly within the turbulent regime, with Reb in the range 2 ≤ Reb ≤ 72. In
stratified turbulence the energy dissipation rate is in general different from the injection
rate εf as a fraction of the input is converted into potential energy. In our simulations
this difference is small and therefore, following the literature, we use the injection rate

Figure 5.2: Particle distribution on the isopycnal surface defined by z − θ = 0 for Fr = 0.2
(left) and Fr = 0.3 (right).
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Figure 5.3: Vertical sections of isopycnal surfaces h (black line) for Fr = 0.3 (top row) and
Fr = 1.0 (bottom row) together with the positions of buoyant particles (green points) with
relaxation numbers R = 1.0 (left column) and R = 60 (right column).

to define small-scale quantities. Together with the eulerian flow given by Boussinesq
equations, we integrated eq. (5.11) for the particle motion for a set of of seven classes
of floaters characterized by different values of τ in the range 0.1 ≤ τ ≤ 10. Table
(5.1). We remark that although the fluid velocity u is incompressible, the floaters are
transported by a velocity field v which is compressible. Since the dynamics is dissipative
(negative contraction of phase space), we expect that floaters collapse on a fractal at-
tractor, which is a subset of the total configuration space. Examples of the attractor are
displayed in figure (5.2), which shows that the large-scale confinement in the vertical di-
rection coexists with a small-scale clustering with fractal dimension on the the isopycnal
surface.

Figure (5.3) shows vertical sections (at y = 0) of the isopycnal surface h (obtained
from the solution of the implicit equation z = θ(x, y, z)) together with positions of
the particles, for different values of the parameters Fr and R. It is evident that the
isopycnal surface h is almost flat for strong stratification and it becomes more bent
and with multiple overhangs as Fr increases. Figure (5.3) shows also the effect of the
relaxation time τ on the particles. When R < 1, floaters are attached to the isopycnal
surface, while their positions depart from the surface h by increasing τ .

Table 5.1: Parameters of the simulations: NB resolution, ν and κ kinematic viscosity
and diffusivisity, η = (ν3/ε)1/4 Kolmogorov scale, τη = (ν/ε)1/2 Kolmogorov time scale,

Re = ε1/3k
−4/3
f /ν Reynolds number, Fr = ε1/3k

2/3
f /N Froude number, R = τ/τη relaxation

number. The actual range of R depends on the value of Fr. All the simulations are performed
with kf = 1.68, ε = 0.195 and Schmidt number Sc = ν/κ = 1.

NB ν, κ η τη Re Fr R
128 0.005 0.028 0.16 363 0.2 − 1.0 0.6 − 60
256 0.004 0.024 0.14 454 0.2 − 1.0 0.6 − 60
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Figure 5.4: Left panel: PDF of the vertical displacements of the isopycnal surface z− θ = 0.
In the inset standard deviations as a function of the Fr. Right panel: standard deviations of
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R = 1 (left) and R = 63 and different stratification Fr.

5.3.1 Vertical distributions

The importance of studying how tracers and floaters are redistributed in the water col-
umn is known in oceanography. Indeed, the form of the PDF of the vertical position
may infer on the biological mechanisms underlying the layer formation. For the case
of the buoyancy, Franks et al. shows that the P (z) converges to a gaussian form with
dispersion proportional to the strength of the stratification [5, 6].
Figure (5.4), shows the PDF of the vertical displacement of the isopycnal level h. This
was found to be gaussian for all the stratification and with standard deviations increasing
with Fr. The linear dependence of σh on Fr shown in Fig. (5.4) can be understood
within the framework of stratified turbulence, as a manifestation of the presence of the
so-called vertical shear layers and associated vertical correlation scale Lv. Physically, this
scale represents the vertical displacement needed for converting injected kinetic energy
into potential energy and can be estimated dimensionally as Lv ≃ U/N (is a typical
large-scale velocity) and therefore one obtains the linear scaling Lv ∝ Fr, shown in
figure (5.4).
The distribution of the vertical displacement z of particles with respect to their equi-

librium position is found to be gaussian in the wide range of parameters. The standard
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Figure 5.6: P (z − θ) and vertical section illustrating the injection mechanism due to folding
of the isopycnal.

deviations σz of these distributions for different values of Fr and R are shown in Fig. A
linear scaling of σz on Fr is observed, with a coefficient γ showing a weak dependence
on R. In particular for small stratification Fr ≤ 0.3, standard deviation in almost inde-
pendent of R and the slope γ converges to that of σh.
This feature can be understood by looking at the statistics of isopycnal surface.
The relaxation term in eq. (5.11) allows the particle to detach from the level z = θ
and to remain "suspended" for a time of order τ before experiencing the vertical velocity
towards the isopycnal surface. Because in stratified turbulence the vertical velocity is
suppressed, there is no mechanism that ejects particles far from the surface. Therefore,
the vertical region visited by particles (measured by σz) reflects the vertical extension of
the isopycnal surface (given by its standard deviation σh) which, by definition, is inde-
pendent of τ .
The deviation of particles from the isopycnal level is studied by looking at the statistics

of the variable ζ = z − θ computed along particle trajectories. The dynamics of ζ is
given by eq. (5.12). When ∂zθ is fluctuating, it’s possible to achieve exponential escapes
from the surface. Figure (5.6) shows the normalized PDF of the variable ζ for three
different values of R at Fr = 1. It is evident that the statistics is neither Gaussian nor
scale invariant as the PDF develops large tails for small relaxation times. These large
fluctuations are due to the folding of the isopycnal surface.
In correspondence with a fold, 1 − ∂θ/∂z changes sign, meaning that stratification is
inverted, and z− θ grows exponentially (assuming that the field θ is quenched) until the
particle reaches the nearest branch, above or below, of the isopycnal. This mechanism,
which is enhanced at large Fr, produces large fluctuations of the distance between the
particles and the isopycnal surfaces and causes the development of large tails in the PDF
of ζ.
This feature is completely hidden by looking solely at the PDF of the absolute posi-
tion z of the particles. Somehow, these abrupt events decorrelate sufficiently fast and
constitute independent realizations of a gaussian random processes.
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5.3.2 Correlation Dimension

As already discussed before, floating particles transported by a compressible velocity
field tends to relax on a (dynamical) fractal subset of the physical space. To study
the properties of the transport and mixing of floaters at small scales, one can measure
the correlation dimension D2. The definition is connected with the pair probability,
hence the probability to find two particles at distances smaller than r, namely given by
p2(r) = P (|x1 − x2| < r). In practice, integral is approximated by the discrete sum of
the number of pairs whose distance is smaller than r

p2(r) =
2

N(N − 1)

N∑

i=1

∑

j<i

Θ(ǫ− |xj − xi|) (5.18)

where Θ is the Heaviside function. At scales, comparable with the Kolmogorov scale,
where fluid flow is expected to be smoothed by diffusion and viscosity effects, the PDF
is expected to scales as p2 ∝ rD2 as r → 0. Thus the fractal dimension is nothing but
the logarithmic derivatives of the PDF,

D2 =
d log p2(r)

d log r

When the correlation dimension coincides with the topogical dimension D2 = 3, par-
ticles are uniformly distributed and covers the entire domain, while D2 < 3 indicates
fractal patchiness. Smaller D2 corresponds to more clustered distributions and increased
probability of finding pairs of particles at close separation.
Figure (5.7) shows D2 as function of R for different values Fr. As the model (5.11)
has been derived under the assumption of small St, its validity is guaranteed above a
minimum R that depends on Fr. In the limit R ≫ 1, for which v → u in eq (5.11),
floaters move as fluid particles in an incompressible flow and therefore remain uniformly
distributed in the volume D2 = 3. This limit is equivalent to taking τp → 0 in the
general model of inertial particles (5.10). For smaller values of R the fractal dimension
decreases and reaches values close to D2 ∼ 1 for the stronger stratifications and smallest
relaxation times. This value indicates distributions of particles on quasi-one-dimensional



5. The Floater Model 44

structures (as shown qualitatively in Fig. (5.2) ).
The dependence of the fractal dimension of the degree of stratification is found in general
weak for Fr ≥ 0.3. This is in contrast with the (large-scale) vertical confinement shown
in fig (5.4), which displays a strong linear dependence on Fr and a weak dependence
on R.

5.4 Stochastic Model

For the sake of completeness, we report here the attempt to explain the non-gaussian
behavior of the variable z − θ, which is the relative distance of the particles from the
isopycnal. We develop an heuristic one-dimensional model. Consider equations for the
vertical position of a particle and the density fluctuation for that particle.





ż = w(z) − z − θ(z)

τ

θ̇ = w(θ) − θ

τθ

(5.19)

The equation for the isopycnal coordinate ζ = z − θ and x = γθ with γ = τ
−1/2
θ .




ζ̇ = −ζ

τ
+ γx+

√
2D1η1ζ

ẋ = −γ2x+ γ
√

2D2η2

(5.20)

The corresponding Fokker-Planck equation of the probability P (x, ζ) á la Ito

∂tP = ∂ζ

[(
ζ

τ
− γx

)
P

]
+ γ2∂x (xP ) +D1∂

2
ζ

(
ζ2P

)
+D2γ

2∂2P (5.21)

We are interested in the marginal probability p(ζ) =
∫
P (x, ζ)dx, which can be obtains

also by taking the limit γ → ∞. The easiest way to obtain a solution is to search for
a closure. We introduce the moments 〈xn〉 =

∫
xP (x, ζ)dx and the equations for the

moments 〈xn〉 up to n = 2,

∂tp = ∂ζ

(
ζ

τ
p

)
− γ∂ζ〈x〉 +D1∂

2
ζ

(
ζ2p

)
(5.22)

∂t〈x〉 = ∂ζ

(
ζ

τ
〈x〉

)
− γ∂ζ〈x2〉 − γ2〈x〉 +D1∂

2
ζ

(
ζ2〈x〉

)
(5.23)

∂t〈x2〉 = ∂ζ

(
ζ

τ
〈x2〉

)
− γ∂ζ〈x3〉 − 2γ2〈x2〉

+D1∂
2
ζ

(
ζ2〈x2〉

)
+ 2γ2D2p

(5.24)

By letting γ → ∞, from the third equations (5.24) one takes the γ2 terms and get
〈x2〉 = D2p. From the second one gets 〈x〉 = −D2/γ∂ζp. Plugging this in the first eq.
(5.22) one gets

∂tp = ∂ζ

(
ζ

τ
p

)
∂2

ζ

[
(D2 +D1ζ

2)p
]

(5.25)
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The stationary solutions are

p(ζ) = N(D2 +D1ζ
2)

− 1+2D1τ

2D1τ (5.26)

N =

√
D1

π
D

1+D1τ
2D1τ

2

Γ
[
1 +

1

2D1τ

]

Γ
[
1

2
+

1

2D1τ

] (5.27)

5.5 Mapping DNS onto ocean

In order to test the applicability of our results to the formation of TPLs we provide
a simple example using the typical values observed in real oceanic environments. For
diatom-dominated marine snow (Alldredge). Generally, for ocean water viscosity is ν ∼
0.88 × 10−6 m2/s, energy dissipation rate ε = 10−8 m2/s3, Brunt-Väisälä frequency
N2 = 10−4 s−2. For particularly extreme stratification N = 0.1, in our simulations
corresponds to Fr = 0.2. At this Fr the thickness of the layer, measured by σz, is almost
independent of the size of the particles. Conversely, the distribution of the particles within
the layer can be very different. Aggregates of size a ≃ 0.5cm have a relaxation time
τ ≃ 18s, which corresponds to R = 1.8, at which we observe strong clustering at small
scales with D2 < 2. Smaller aggregates or single cells of size a = 0.1cm corresponds
to R ≃ 45 and, according to our results, would distribute almost homogeneously (with
a fractal dimension close to 3) within the thin layer.
Our model allows also to estimate the characteristic time for the formation of TPLs. In
particular, in the case of strong stratification in which the isopycnals are almost flat, our
model predicts that the floaters converge exponentially towards the isopycnal ρ = ρp

with a relaxation time τ = 3/2N2τp.
For more detailed comparison with naturally occurring turbulence, it’s possible to map
an entire DNS on the oceanic parameters. We can calculate the scaling factor for lengths
as λ = L′/L, where we denote the DNS parameters with prime. The scaling factor for
energy dissipation rate is ξ = ε′/ε. Now using the formula ε = L2/T 3, one obtains the
scaling factor for time ω = T ′/T = λ2/3ε−1/3. Knowing the space and time rescaling
factors, one is able to transform any variable from the dimensionless simulation to the
real system and vice versa. This procedure is based on the large-scale quantities, so it’s
convenient for TPLs.
Alternatively (from Boffetta et al. [7]) one can develop a similar procedure based on
small scale. This is done by selecting a value for η and determine a scaling factor making
it consistent with that of the simulations. Knowing viscosity ν, we determine the scaling
factor for ε = ν3/η4, as well as for the Kolmogorov time scale τη = (ν/ε)1/4. The
dimensionless simulation Reynolds number will be a characteristic of the fluid as well,
and with η given, this determines the ’outer’ scale L. Hereby a relation is established
between the simulation and the physical spatial scales, noting that the Kolmogorov times
scale τη is not an independent parameter.
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5.6 Conclusions & Perspectives

We investigate the dynamics of floating particles, by developing a consistent model
within the Boussinesq approximations. We found that large-scale confinement of floaters
is mostly driven by stratification, while on the contrary the small-scale properties, like
the fractal clustering, is controlled by the relaxation time of the particles and almost
independent on stratification. Then we briefly discuss the implications of our finding for
the formation of thin phytoplankton layers.
Further field and laboratory experiments could provide evidence of this stratification-
induced patchiness in thin phytoplankton layers. Moreover, other ingredients can be
added in the physical formulation of the problem, to describe more sophisticated aspects
of the small-scale ocean biophysics. For example, little is known about the mechanism
of buoyancy adjustment used by diatoms to actively explore the water column without
possessing any locomotive apparatus. Some recent works suggest that probably such
mechanism is triggered by high levels of shear rate.
In addition to the applications to thin layers, our results are of general interest as they
describe quantitatively how the combination of turbulence and stratification generates
both large-scale confinement and small-scale fractal patchiness in a suspension of buoy-
ant particles.
A parallel pathway of investigation regards the evolution of isoscalar surfaces in tur-
bulence. Stronger effort should be addressed to investigate more deeply the statistical
features of isopycnals and mixing in a stratified environment.





Part III

Nutrient Uptake





Chapter 6

Mathematics of Diffusion

In this chapter it’s presented an introduction to the problem of diffusive uptake by
absorbing particles. The theory behind the problem, also referred to as Diffusion-limited

processes, is well established over the last century. Reaction diffusion processes are
ubiquitous in many contexts ranging from physics, chemistry and engineering [67]. They
are also key in biology where they control enzyme catalysis, antigen-antibody encounter,
fluorescence quenching, and cellular nutrient uptake [4, 26, 29], which serves as the
main motivation for this paper. Nutrient uptake typically takes place in a fluid that can
modify the reaction rates in presence of motion [36, 54]. This is particularly relevant
to unicellular organisms, as the presence of advection (possibly in combination with
swimming for motile microorganisms) modifies the nutrient concentration field and thus
the uptake rate [26]. In recent years the interest towards the problem of chemical
reactions involving self-propelled bodies in a flow has raised also due to the technological
advancements in chemically-powered micro/nano-swimmers [20, 58, 24].

6.1 Diffusion onto a Sphere

The problem of the uptake of a single sphere is controlled by the diffusion equation,

∂t̺ = D△̺ (6.1)

where D is the diffusivity and the boundary conditions are:

̺ = ̺R at r = R

̺ → ̺∞ as r → ∞
(6.2)

Assuming stationarity one obtains the solution for the concentration profile

̺(r) =
R

r
(̺R − ̺∞) + ̺∞ (6.3)

When the concentration at the surface is zero ̺R = 0, boundary conditions describe the
ideal case of a perfect absorber. Note that the steady-state solution for the concentration
as a function of radius does not depend on the amplitude of the diffusion coefficient.
In order to calculate the uptake flux coming at the surface of the sphere by diffusion, we

50
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examine the time-dependent problem, rather than the steady-state solution. Using the
Laplace transform,

s ˆ̺ − ̺∞ = D△ ˆ̺ (6.4)

where ˆ̺ = ˆ̺(r, s) and the initial condition is ̺(r, 0) = ̺∞. Equation has the following
solution:

ˆ̺(r, s) =
̺∞
s

+ A
e−Kr

r
+B

eKr

r
(6.5)

where we have introduced the constant K =
√
s/D. Now impose the boundary con-

ditions, one gets B = 0, in order to maintain finite concentration at infinity and the
solution becomes

ˆ̺(r, s) =
̺∞
s

+
̺R − ̺∞

s

R

r
e−K(r−R) (6.6)

Going back the physical time using the inverse Laplace transform

̺(r, t) =
1

2πi

∮

γ
ds est ˆ̺(r, t) (6.7)

Solution becomes

̺(r, t) = ̺∞ +
R

r
(̺R − ̺∞)

[
1 + Erf

(
R − r

2
√
Dt

)]
(6.8)

Recasting the equation, one may recognize the steady-state solution and a decaying time-
dependent term, represented by the error function. The flux per unit area is J(r, t) =
−D∂r̺, integrated over the solid angle and evaluated at r = R, gives the rate of
nutrient flux entering into the cell surface, namely given by κ(t) = J(R, t) 4πR2. It’s
straighforward to derive the resulting expression

κ(t) = 4πDR(̺R − ̺∞)

(
1 +

R√
πDt

)
(6.9)

The present result was first obtained by Smoluchowski in 1916 and then first applied to
the problem of heat flow into a sphere with a constant temperature [10]. Then the result
found new applications in biophysics and in the ecology of phytoplankton was introduced
first by Osborn [57]. In the limit of long time t → ∞, κ(t) reduces to the Smoluchowski
constant rate κs = 4πDR(̺R − ̺∞), which is proportional to the diffusivity D, the
radius of the sphere R, and the difference between the concentration far away from the
sphere and the concentration at the surface of the sphere.

6.2 Diffusive Interactions

6.2.1 Pair of Sinks

The case of N = 2 is actually one of few diffusion problems that can be solved exactly.
Indeed, after choosing bi-spherical coordinates, Laplace equation becomes separable [49,
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Figure 6.1: Diffusion onto a sphere.

48]. Consider the coordinate transformation x → ξ with ξ = {α, β, φ}:




x = a
sinα cosφ

cosh β − cosα

y = a
sinα sinφ

cosh β − cosα

z = a
sinh β

cosh β − cosα

(6.10)

The frame of reference is built to have two poles located in the centre of the spheres with
β → ∞. At the surface S± of the spheres, β = β0 = const, while the surface β = 0 is a
sphere of infinite radius, with center x = y = 0, z = ±∞ which include the plane z = 0.
It’s convenient to define a dimensionless distance χ = d/(2R) so that a = R

√
χ2 − 1

and β0 = log(χ +
√
χ2 − 1). Two identities are straight-forwardly derived cosh β0 = χ

and sinh β0 =
√
χ2 − 1.

Laplace equation in general orthogonal curvilinear coordinates is expressed by:

△ψ =
1

∏
j hj

∂

∂ξi

(∏
j hj

h2
i

∂ψ

∂ξi

)
(6.11)

where hi scale factor of the curvilinear coordinate systems. In the case of bi-spherical
coordinates: hα = hβ = a/(cosh β − cosα) and hφ = a sinφ/(cosh β − cosα). So that
the volume element is given by dV = hαhβhφ dαdβdφ. The Laplace problem (△ψ = 0)
expressed in this particular curvilinear coordinates is separable, by setting G = hβψ

∂2G
∂β2

+
1

sinα

∂

∂α

(
sinα

∂G
∂α

)
+

1

sin2 α

∂2G
∂φ2

− G
4

= 0 (6.12)

The solution is expressed in the form G = A(α)B(β)Φ(φ), where

Φ′′ = −m2Φ, B′′ =
(
n+

1

2

)2

B

1

sinα

∂

∂α

(
sinα

∂A

∂α

)
− m2A

sin2 α
= −n(n+ 1)A

(6.13)
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Typical Solutions of the original equation are of the kind

√
cosh β − cosα e±(n+ 1

2)βPm
n (cosα)

{
cos(mφ)
sin(mφ)

(6.14)

The factor
√

cosh β − cosα causes some trouble when we come to fix boundary condi-
tions. In other words, we must compute the expansion in terms of zonal harmonics of
cosα. The expansion gives the following identity

√
cosh β − cosα =

√
2

∞∑

n=0

e−(n+ 1
2)|β|Pn(cosα) (6.15)

We restrict to φ = 0 and fix the boundary conditions:

ψ → 0 for: r = R, β = β0

ψ → 1 for: r → ∞, β, α → 0
(6.16)

General solution is

ψ(α, β) = 1 −
√

cosh β − cosα
∞∑

n=0

[
Ane

(n+ 1
2)β +Bne

−(n+ 1
2)β
]
Pn(cosα)

(6.17)

The unknown coefficients An and Bn must be determined using the boundary conditions
at the surface of the spheres. Using the previous identity, one gets:




Ane

(2n+1)β0 +Bn =
√

2

An + e(2n+1)β0Bn =
√

2
(6.18)
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Figure 6.2: Sketch of the pair system and bispherical coordinates.
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which gives solution for the coefficients:

An = Bn =
e−(n+ 1

2)β0

√
2 cosh

[(
n+ 1

2

)
β0

] (6.19)

Final solution of the equation 6.11 is

ψ(α, β) = 1 −
√

2(cosh β − cosα)

∞∑

n=0

cosh
[(
n+ 1

2

)
β
]

cosh
[(
n+ 1

2

)
β0

]e−(n+ 1
2)β0Pn(cosα)

(6.20)

where Pn(cosα) are Legendre polynomials. The Smoluchowski rate for the two spheres
is given by incoming flux at the surface r = R or equivalently for β = ±β0,

κ = D

(∫

S+

∇ψ · n̂+dS +
∫

S−

∇ψ · n̂−dS

)
(6.21)

noting that unit vectors normal to the sphere surface changes as n̂± = ∓β̂, while the
gradient ∇ψ = (1/hβ)∂βψ and surface element is dS = hαhφ dα dφ.

κ = 2πDa
∫ π

0


∂ψ
∂β

∣∣∣∣∣
−β0

− ∂ψ

∂β

∣∣∣∣∣
β0


 sinα

cosh β0 − cosα
dα (6.22)

Inserting all the informations:

κ = 2πDa

∫ π

0

sinα

(coshβ0 − cosα)3/2

∞∑

n=0

e−(n+ 1
2 )β0Pn(cosα)

{
sinh β0 + (2n+ 1)(cosh β − cosα) tanh

[(
n+

1

2

)
β0

]} (6.23)

It can be recast in the following way

κ = 2
√

2πDa
∞∑

n=0

e−(n+ 1
2)β0

{
sinh β0 I3/2(n)

+(2n+ 1) tanh
[(
n+

1

2

)
β0

]
I1/2(n)

} (6.24)

where we define the integrals

Ip(n) =
∫ π

0

sinαPn(cosα)

(cosh β0 − cosα)p
dα (6.25)

Now using the identity

1√
cosh β0 − cosα

=
√

2
∞∑

k=0

e−(k+ 1
2)β0Pk(cosα) (6.26)

we can recast the integral I1/2(n) as

I1/2(n) =
√

2
∞∑

n=0

e−(k+1/2)β0Ink =
2
√

2

2n+ 1
e−(n+1/2)β0 (6.27)
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where we have made use of the orthonormality of Legendre polynomials

Ink =
∫ π

0
Pk(cosα)Pn(α) sinα dα =

2

2n+ 1
δnk (6.28)

The integral with p = 3/2 is simply related to the previous by a derivative with respect
to β, so that we obtain

I3/2(n) = − 2

sinh β0

∂I1/2

∂β0

= 2
√

2/ sinh β0e
−(n+1/2)β0 (6.29)

Upon these considerations we obtain

κ = 8πDa
∞∑

n=0

e−(n+ 1
2)β0

{
1 + tanh

[(
n+

1

2

)
β0

]}
(6.30)

Since we know from the previous definitions that Smoluchowski rate is κs = 4πDR,
χ = d/2R, semi-distance a = R

√
χ2 − 1, β0 = log(χ +

√
χ2 − 1), cosh β0 = χ and

sinh β0 =
√
χ2 − 1, we obtain the result [63]

κ

2κs

=
√
χ2 − 1

∞∑

n=0

2

1 + (χ+
√
χ2 − 1)2n+1

(6.31)

The result obtained by Samson and Deutch [71] can be obtained recasting the summation
in the following way. Substitute y = 1/(χ+

√
χ2 + 1), Sh = 2 sinh β0

∑∞
n=0 y

2n+1/(1 +
y2n+1), we recognize the form of a geometric series

κ

2κs

= 2 sinh β0

∞∑

n=0

y2n+1

y2n+1 + 1

= −2 sinh β0

∞∑

n=0

∞∑

m=1

(−1)mym(2n+1)

= −2 sinh β0

∞∑

m=1

(−1)m ym

1 − y2m

(6.32)

where we used the identities
∞∑

m=1

(−1)myam = − ya

1 + ya

∞∑

n=0

ya(2n+1) =
ya

1 − y2a

(6.33)

Noting that y = e−β0 , we get

κ

2κs

= 1 −
∞∑

m=2

(−1)m sinh(β0)

sinh(mβ0)
(6.34)

We make a further simplification by truncating the infinite series at the first order.
Such monolope approximation gives the main contribution to the Sherwood number
Sh = κ/2κs,

Sh ≈ 2χ

2χ+ 1
=

1

1 +R/d
(6.35)
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Figure 6.3: Sketch of deformed triangles.

6.2.2 Monopole Approximations

In the real life, it’s not always possible to find a coordinates transformations in which
Laplace equation is separable. Indeed there are very few cases for which it’s true (as
the previous section). Nevertheless, in a general situation, one can always expressed the
solution as a superposition of solutions in the local frame of references of the particles.
The hardest part is to impose the boundary conditions of each particles to the global
solutions. More formally, this problem is also called boundary value problems in domains

with disconnected boundaries. Here we follow the results coming from the work of S.
Traytak [81].
Here we consider the case of N stationary non-overlapping sinks. For simplicity we
assume sinks of equal radius R, placed in the positions r∗

i and perfectly absorbing.
It’ also convenient to consider local coordinate systems ri = r − r∗

i , rather than the
absolute coordinates r.

The steady state concentration ψ = 1 − ρ/ρ∞ satisfies the boundary-value problem,

∂tψ = D△ψ (6.36)

ψ(ri = R) = 1, ψ(ri → ∞) = 0 (6.37)

The field ψ in the vicinity of the i-th sink can be expressed in the form

ψ = ψi +
N∑

j 6=i=1

ψj (6.38)

Since the unperturbed solution is given by ψ
(0)
i = R/ri, the general solution can be

rewritten as ψ = ai/ri + bi, where now the constants are given by the contribution
of all sinks. Fixing the boundary condition on the i-th particle surface, one gets ψ =
(R/ri)(1 − bi) + bi. The Sherwood number therefore is Shi = 1 − bi. By noting that
ψi = RShi/ri, one can express bi =

∑N
j 6=i=1 ψj as function of the Sherwood number

Shj of the neighboring particles. One obtains a set of equations

Shi = 1 −
N∑

j 6=i=1

ǫjShj (6.39)

where ǫj = R/dij and dij = |rj − ri| is the inter-particle distance .
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6.2.3 Arrays of spheres

Monopole approximation is very useful to treat the problem of N sinks. In particular when
the traps are arranged in a ordered manner, the solutions can be computed manually due
to symmetries of the problems. It’s easy to find simple solutions of the Sherwood number
Shi = κi/κ

i
s of each one of the absorbers using the following set of linear equations:

Shi +
N∑

j 6=i=1

ǫij Shj = 1 i, j = 1, ..., N (6.40)

where ǫij = Rj/dij. Sherwood numbers Shi can be obtained by inverting the matrix
problem AijShj = bi with bi = 1 and Aij = [δij(1 − ǫij) + ǫij].

a) Triads: N = 3, ǫij = ǫ,

Aij =




1 ǫ ǫ
ǫ 1 ǫ
ǫ ǫ 1


 (6.41)

Shj = A−1
ij bi =

1

1 + 2ǫ
=

χ

1 + χ
(6.42)

Sh =
1

N

N∑

i=1

Shi =
χ

1 + χ
(6.43)

b) Tetrads: N = 4, ǫij = ǫ,

Aij =




1 ǫ ǫ ǫ
ǫ 1 ǫ ǫ
ǫ ǫ 1 ǫ
ǫ ǫ ǫ 1


 (6.44)

Shj = A−1
ij bi =

1

1 + 3ǫ
=

2χ

3 + 2χ
(6.45)

Sh =
1

N

N∑

i=1

Shi =
2χ

3 + 2χ
(6.46)

c) Deformed Triangles: as last case study we consider a particular set of configuration
of triads that will test using direct numerical simulations, presented in the following
chapter.
We consider three spheres of radius R arranged according to the sketch in (Fig). We
fix the distance between particle 1 and 2, d12 = 2R x1. Call θ the angle between the
segments 12 and 13. We keep fixed this angle and vary the distance d13. Notice that
along the journey of particle 3, particles should not overlap, so there exists a critical angle
θc = arcsin(1/x1) which depends on the fixed distance between the pair 1-2. Sherwood
numbers for this kind of system is given by the matricial problem AijShj = bj with

Aij =




1 a c
a 1 b
c b 1


 (6.47)
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Figure 6.4: Sherwood Landscape in the space parameter (d13,θ).

After straighforward calculation, one find that total Sherwood number is given by

Sh =
1

3

[
1 + 2

(a− 1)(b− 1)(c− 1)

a2 + b2 + c2 − 2abc− 1

]
(6.48)

with a = 1/2xa, b = 1/2xb, c = 1/2xc and xi = di/2R. Now, fixing the distance xa

between the pair 1-2 and moving the third particles away from them with fixed angle θ,

we obtain that xb =
√
x2

a + x2
c − 2xaxc cos θ.

6.2.4 The infinite array

The case of an infinite array of spheres is particularly interesting because it resembles
the situation of our simulations, which are performed in periodic domain. The present
calculation can be found in the work of Traytak [82]. Consider N stationary sinks
of radius R, placed on a lattice with spacing length a. The description of the time-
dependent diffusion is based on the general boundary-value problem in terms of local
concentration ρ or equivalently for ψ = 1 − ρ/ρ∞

∂tψ = D△ψ (6.49)

ψ
∣∣∣
t=0

= 0, ψ
∣∣∣
∂Vi

= 1, ψ
∣∣∣
ri→∞

→ 0 (6.50)

with i = 1, ..., N . ∂Vi denotes the surface of the ith sink with volume Vi = {r : ri ≤ R}.
Therefore, the Laplace equation is solved in the space Ω = R

3 ∑N
i=1 Vi. Rather than

write the equation (6.49) in terms of absolute coordinates, it’s convenient to adopt a
local frame of coordinates ri = r − r∗

i , where r∗
i is the position of the ith sink’s center.

In this way every set of local coordinates fulfill the boundary conditions in the vicinity of
the particle.
After the Laplace transformation in time, we have

D△ψ̂ − sψ̂ = 0 (6.51)
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ψ̂
∣∣∣
∂Vi

= 1/s, ψ̂
∣∣∣
ξi→∞

→ 0 (6.52)

From here we consider dimensionless distances ξi = ri/R.
Using linearity, the solution of the concentration field is the result of the superpositions
of the N individual sink solutions. Therefore, the field ψ in a neighborhood of the i-th
sink can be expressed in the form

ψ̂ = ψ̂i +
N∑

j 6=i=1

ψ̂j (6.53)

where ψ̂i is the fundamental solution of the i-th sink, given by the function ψ̂i =
Ai(s) exp(−√

sξi)/ξi. Expression (6.53) can be recast in the form

ψ̂ = Ai(s) exp(−
√
sξi)/ξi +Bi(s) (6.54)

where Bi(s) takes into account the effects of the another sinks.
Let restrict for a moment to the case of an unperturbed sink. The solution is given by
ψ̂(0) = (ξs)−1 exp(−√

s(ξ−1)). Using the boundary condition on the sink’s surface one
finds

ψ̂ = (1 − sBi)ψ̂
(0) +Bi (6.55)

For our purpose, we are interested in the Sherwood number, defined as the dimensionless
flux into the ith sink,

Shi(t) = − 1

4πRρ∞

∫ ∂ψ

∂ri

∣∣∣∣∣
∂Vi

dSi (6.56)

Laplace transforming the Sherwood number, one obtains

Ŝhi(s) = −∂ψ

∂ξi

∣∣∣∣∣
∂Vi

= Ŝh
(0)

i (s) [1 − sBi(s)] (6.57)

where Ŝh
(0)

i (s) = (1 +
√
s)/s is the Sherwood number for the unperturbed sink. Taking

into account the definition of Bi(s) one can see that the magnitude of Ŝhi is governed
by the set of equations

Ŝhi(s) = Ŝh
(0)

i (s) −
N∑

j 6=i=1

sŜh
(0)

j ψ̂j (6.58)

Plugging in the solution for the ith sink

Ŝhi(s) = Ŝh
(0)

i (s) −
N∑

j 6=i=1

1

ξij

e−√
s(ξij−1)Ŝhj (6.59)

with ξij = |ξi − ξj|. Now, for N ≫ 1 AN approximate solution may be obtained with
the help of the following averaging procedure. Summing the equation (6.59) term by

term and factoring out Ŝhi(s), we can find

〈Ŝhi〉 =
Ŝh

(0)

i

1 +
∑N

j 6=i(a∗ξ̃ij)−1 exp(−√
sa∗ξ̃ij)

(6.60)
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where a∗ = a/R, ξ̃ij = ξij/a∗.
Taking the limit N → ∞ we may substitute the summation with a continuous integral
and since appears only the modulus of ξ, we may assume radial symmetry so that

limN→∞ σd(N, a∗, s) =

=
∫∞

1

1

a∗ξ
e−√

s(a∗ξ−1)4πξ2dξ =

=
1

a3
∗s
e−√

s(a∗−1)(1 + a∗
√
s)

(6.61)

Expanding for s → 0 and considering only the lowest order approximation in "kinetic"
density parameter ǫ = 4π(R/a)3 ≪ 1, one obtains

〈Ŝhi〉 =
Ŝh

(0)

1

1 + ǫ/s
(6.62)

Transforming back to the physical time

〈Shi〉(t) =
1

2πi

∮

γ
ds est 1 +

√
s

s+ ǫ
(6.63)

We finally arrive to the time-dependent solution

〈Shi〉(t) = e−ǫt +
1√
πt

[
1 − 2

√
ǫt F (ǫt)

]
(6.64)

where F (x) = e−x2 ∫ x
0 e

y2
dy is the Dawson function. We observe that for t ≃ tD,

diffusive interactions are weak and expression approximate the solution obtained in the
unperturbed case, while for t ≫ tD the depletion starts to affects scale comparable to
the lattice cell volume and then Sherwood number is observed to decay exponentially.

6.3 Effective Medium Approach

We now consider the nutrient absorption by a spherical cluster of N cells. In absolute
coordinates

∂tρ = D△ρ (6.65)

This is a very complicated problem, that need to resolve the diffusion equation in the
interstitial regions of the clusters and ensure that the boundary condition is satisfied at
each cell surface.
A typical colony of phytoplankton cells (e.g. Volvox) of 1-mm diameter is usually 100
times larger than the single cell size (e.g. for Chlamydomonas-like cells a = 2 − 10µm)
and contains up to 50 thousands cells. The problem holds more general questions
for biologists who wants to understand why in nature colonies are more frequent than
solitary organisms. Cooperative effects on diffusive uptake can be clearly one of the
discriminating factor for the choice of the best configuration.
The mean field approach to solve the problem of clusters of traps has been proposed
by many authors in the past [83, 19]. More recently, Nelson applied such approach to
study the nutrient shielding by cells [34].
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Figure 6.5: Sketch of the cluster configurations: (A) spherical cluster; (B) sherical shell clus-
ter. The graphs also show the potential used to develop the effective medium approximation.

6.3.1 Random Spherical Cluster

To model the nutrient uptake, we consider the steady-state diffusion equation for a
disorderly cluster of N identical spheres of radius R and no overlaps (See fig. 6.5).

Consider the ensemble average over different initial configurations of particles and
introduces an effective field as ψ(x, t) = 〈ρ(x, t)〉, where the brackets denote integration
over particle positions 〈...〉 =

∫
... dxi

p. On averaging both sides eq. (6.65), we find

D△ψ =

〈Np∑

i=1

βρ(x)δ(x − xi
p)

〉
∼
∫
χ(x − x′)ψ(x′)dx′ (6.66)

where χ(x) is a linear response function describing the deformation of the concentration
field induced by the absorption. The linear response approximation is only valid for suffi-
ciently small concentration field deformations and away from the cluster edges. Fourier
transforming equation (6.66),

−Dq2ψ̂(q) = χ̂(q)ψ̂(q) (6.67)

where we have applied the convolution theorem. On average, the cells in cluster should
be distribuited isotropically and χ(q) can only depend on q ≃ |q|. Expanding χ̂ around
q = 0 and truncating at the first order χ̂(0) = k, gives us the desidered mean-field
approximation for the configurationally averaged nutrient concentration,

D△ψ − kψ = 0 (6.68)

with k being an effective absorption rate within the sphere in the macroscopic description.
In this form, the cluster is reduced to a unique sink with penetrable walls. Assuming
radial symmetry, we search for solution ψ = ψ(r). We define solution (I) inside the
cluster for r ≪ Rs and solution (II) far away from the cluster r ≫ Rs. Imposing
continuity of the two branches of the solution and their derivatives in r = Rs, we obtain
the solution:

ψ(r)

ψ∞
=





ξ

r

sinh(r/ξ)

cosh(Rs/ξ)
r < Rs

1 − Rs − ξ tanh(Rs/ξ)

r
r > Rs

(6.69)
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where ξ =
√
D/k is the so-called penetration length. The solution of the effective

concentration field around the cluster can be used to determine the total uptake

κtot = −4πDr
∂ψ

∂r

∣∣∣∣∣
r=Rs

= 4πDψ∞

[
Rs − ξ tanh

(
Rs

ξ

)] (6.70)

The Sherwood number is defined as Sh = κtot/Nκs, so using κs = 4πDRψ∞ and
replacing N = α3φ, from (6.70) we obtain

Sh(φ) =
1

α2φ

[
1 − 1

α
√

3φ
tanh

(
α
√

3φ
)]

(6.71)

Within the effective field approximation we can also compute the Sherwood number at
distance r from the cluster center as Sh(r) = (N(r)Rψ∞)−1r2∂rψ (Sh = Sh(Rs)),
where N(r) = N(r/Rs)

3 takes into account only the particles within the sphere of radius
r. Using the solution (6.69) for r < Rs, one has

Sh(r) =
R3

s

RNr2

cosh(r/ξ)

cosh(Rs/ξ)

[
1 − ξ

r
tanh

(
r

ξ

)]
(6.72)

Near the boundary of the cluster (i.e. as r/Rs → 1 and Rs/ξ ≫ 1 [84, 85]), the
expression is very well approximated by

Sh(r) =
1

α2φ
exp

(
−Rs − r

ξ

)
(6.73)

One may also be interested to determine the "local" uptake rate within the cluster
at given distance r from the center, rather than look at a cumulative quantity, here
denoted by Sh(r). Calling κi the uptake rate of the i-th particle at distance ri, we can
introduce the uptake rate at distance r as κ(r) = 〈κi〉ri=r, where we have averaged over
different configurations, and the dimensionless ratio Φ(r) = κ(r)/κs. By definition, the
total uptake rate of the cluster is given by the average κtot = 〈∑N

i κi/N〉

Sh(r) =

〈
1

N(r)

N(r)∑

i

κi

κs

〉

ri<r

=
N

N(r)

∫ r

0
Φ(r′)p(r′)dr′ (6.74)

where p(r)dr = V −1
s 4πr2dr is the probability for a particle to be at distance r. By

taking the derivative of expression (6.74), one gets

Φ(r) =
1

3r2

d

dr

(
r3Sh(r)

)
=

ξ2

ψ∞r2

d

dr

(
r2 d

dr
ψ

)
(6.75)

By noting that ξ2△ψ = ψ, it’s easy to see that Φ(r) = ψ(r)/ψ∞. Since the Sherwood
number is defined through the configuration averaged profile ψ(r), the expression permits
to link the local uptake rate Φ(r) with the concentration profile.
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6.3.2 Spherical Shell Cluster

Using the same technique we can perform some variations on the theme. Spherical
clusters are not the only configuration observed in bacterial colony. For example Volvox
are colony of 1 mm in diameter of Chlamydomonas-like cells, arranged on a spherical
shell. Laplace equation of the nutrient concentration becomes:

D△ψ = kV (r)ψ (6.76)

with potential, induced by the presence of the cells as shown in figure, of the form

V (r) =





1 |r −Rs| < R

0 elsewhere
(6.77)

We identify three regions with different solutions. In the interior of the shell, for r <
Rs − R solution yields a constant value ψI = a1, in the position of cells where the
potential acts on the nutrient concentration for Rs − R < r < Rs + R solution is
ψII = (ξ/r)(a2e

r/ξ + b2e
−r/ξ), while in the outer region for r > Rs + R solution

approach to asymptotic value with a long-range behavior ψIII = a3 + b3/r.
Now, boundary condition at infinity implies that ψ(r → ∞) = ψ∞ = a3, while imposing
the continuity of the solution and its derivative at the interfaces between the regions
I − II and II − III we obtain the remaining unknown constants. Solution yields

ψ(x)

ψ∞
=





1

X1 sinh (X) + cosh (X)
(I)

X1 cosh (x−X1) + sinh (x−X1)

x[X1 sinh (X) + cosh (X)]
(II)

1 − (X1X2 − 1) sinh (X) +X cosh (X)

x[X1 sinh (X) + cosh (X)]
(III)

(6.78)

where we have defined the variable: x = r/ξ, X = 2R/ξ, X1 = (Rs − 2R)/ξ,
X2 = Rs/ξ and the domain regions: I: x < X1, II: X1 < x < X2 and III: x > X2.
Now we compute the uptake rate. In this case the volume fraction is φ = NV/V s with
V = (4/3)πR3 volume of the single cell of radius R and Vs = (4/3)πξ(X3

2 −X3
1 ). Since

the total uptake per unit volume is κ = 4πDRN/Vs = 3Dφ/R2, the penetration length
scales as ξ = R/

√
3φ, like in a spherical cluster. Uptake of the cluster is

I = −4πD(r2ψ′)|r=Rs = 4πDb3 (6.79)

Now, using the notation α = Rs/R, particle number N = φVs/V becomes N =
2(3α2 − 4α+ 1)φ, and finally Sherwood number defined as Sh = I/Nκs is given by

Sh(φ) = A(X)
[α(α− 2)(X/2)2 − 1] sinh(X) +X cosh(X)

(α− 2)(X/2) sinh(X) + cosh(X)
(6.80)

with X = 2
√

3φ and A(X) = [(3α2 − 4α+ 1)(X/2)3/3]−1.
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Figure 6.6: Sketch of the profile solution for the spherical cluster and the spherical shell-like
cluster. Inset: Sherwood number behavior as a function of the volume fraction.

6.4 Linear Shear Flow

6.4.1 Point Sink Solution

Consider a spherical particle immersed in a flow with given velocity u = (γy, 0, 0). The
evolution of the nutrient concentration field, which is depleted at the surface of the
sphere, is given by the advection-diffusion equation

∂tρ+ u · ∇ρ = D△ρ (6.81)

For simplicity, we first consider the limit of point-like particle with initial condition
ρ(x, 0) = β0δ(x)δt, and β0 having dimensionality of a uptake rate (L3T−1). After

introducing the dimensionless variables x̂ =
√
γ/D x, t̂ = γt, the previous equation

looks like
∂ρ

∂t̂
+ ŷ

∂ρ

∂x̂
= △̂ρ (6.82)

Using the following transformation suggested by Novikov (1958):

ξ = x̂− ŷt̂, η = ŷ, ζ = ẑ, s = t̂ (6.83)

the advective term is absorbed into the time derivative ρs = ρt̂ + ŷρx̂ and equation
can be rewritten in the form of a Laplace equation with anisotropic diffusion coefficient
ρs = Kijρij.

ρs = (1 + s)2ρξξ − 2sρξη + ρηη + ρζζ (6.84)

In Fourier space, with transform defined by

ρ̂(k, s) =
1

(2π)3/2

∫ ∞

−∞
d3ξ e−ik·ξρ(ξ, s) (6.85)

equation becomes
ρ̂s =

[
2skξkη − (1 + s2)k2

ξ − k2
η − k2

ζ

]
ρ̂ (6.86)
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which has the trivial exponential solution of the form

ρ̂(k, s) = ρ̂(k, 0) exp

(
s2kξkη − sk2 − s3

3
kξ

)
(6.87)

where k2 = |k|2 = k2
ξ + k2

η + k2
ζ . Now, Anti-transforming back to the physical space,

we get

ρ(ξ, s) =
1

(2π)3/2

∫ ∞

−∞
d3k eik·ξρ(ξ, s) =

1

(2π)3/2

∫ ∞

−∞
d3k eik·ξ+s2kξkη−sk2− s3

3
kξ

(6.88)

Such integral can be solved using the general formula for gaussian integrals:

∫ ∞

−∞
ddk e− 1

2
kT Ak+bT k =

2π√
detA

e
1
2

bT A−1b (6.89)

where k = (kξ, kη, kζ) and b = i(ξ, η, ζ) and A is a 3 × 3 symmetric matrix with
coefficients:

A =




2s (1 + s2/3) −s2 0
−s2 2s 0

0 0 2s


 (6.90)

The solution for an instantaneous point-like sink becomes

ρI(ξ, s) =
ρ0

4
√
πs3(1 + s2/12)

e
− η2+ζ2

4s
− (ξ+sη/2)2

4s(1+s2/12) (6.91)

Integrating over time, the solution ρI for a instantaneous sink can be extend to describe
a continuous sink ρ(x̂, s) =

∫ s
0 ds

′ρI(x̂, s′).

6.4.2 Matching Asymptotic Expansion

The calculation of the uptake rate in presence of a simple shear flow can be still com-
plicated, since it involves an integral of the point-sink solution (6.91). However it’s
possible to sort an asymptotic solution, using perturbation theory. Kronig and Bruijsten
first propose an approach of this kind in 1951 [30]. Indeed, using a regular perturbation
method for small parameter ǫ = Pe, one can expand the solution ρ

ρ =
∞∑

n=0

ǫnρn (6.92)

where the functions ρn are determined from the recursion formula

△ρn = ur
∂ρn−1

∂r
+
uθ

r

∂ρn−1

∂θ
(6.93)

However, one quickly realizes that although ρ0 = 1/r, the remaining functions ρn could
not be made to vanish at infinity and that for n ≥ 2, they even diverge. The reason for
the failure of the classical expansion can easily be explained by the fact that, no matter
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how small ǫ is, there is always a region far away from the surface of the sphere where
both the diffusion and the advection terms become of the same order of magnitude,
which then prevents equation (6.93) from being consistent with the boundary condition.
This behavior is strikingly similar to the problem of the velocity distribution around a
sphere at low Reynolds number (Stokes flow), where it has been noticed, originally by
Whitehead, that a regular perturbation correction to Stokes’ solution will diverge at
infinity. It appears reasonable therefore to attempt a solution by using the method of
singular perturbation expansions which was shown by Lagerstrom and Cole, by Kaplun,
and by Proudman and Pearson, is ideally suited for handling such class of fluid-dynamical
problems [65, 31, 27].
Frankel and Acrivos were the first to obtain a valid approximate solution [21]. Following
well-established procedure of singular perturbations method, one construct an "inner"
and an "outer" expansion, ρ and P respectively. The inner expansion ρ satisfies the
boundary condition at the sphere surface; the outer expansion P vanishes at infinity.
The two expansions match identically at some arbitrary distance from the surface and
both remain bounded as ǫ → 0.
For small values of ǫ, the advection terms can be neglected and an expansion can be
constructed to represent the inner solution near the surface of the sphere in the form

ρ(r, µ) =
∞∑

n=0

fn(ǫ)ρn(r, µ) (6.94)

with f0(ǫ) = 1. Requirement for the coefficients is that for small Pe, the ratio fn+1/fn

must tend to zero. In the outer region, distance from the sphere can be properly rescaled
by r̂ = rPe1/2 and solution is expressed by series:

P (r̂) =
∞∑

n=0

Fn(ǫ)P (r̂) (6.95)

with boundary condition satisfied by Pn(r → ∞) = 0 for any n ≥ 0. Matching condition
is established as

ρ(r → ∞) = P (r̂ → 0) (6.96)

At the first order, the solution is given by Elrick and Novikov [17, 55]. Although the
integral cannot be simplified any longer, near the origin r̂ → 0 and assuming stationarity
(for t → ∞), the expression goes like

ρ(r̂ → 0) ∼ 1

r̂
+

g

2
√
π

+ ... (6.97)

with g given by

g =
∫ ∞

0

ds

s3/2

[
(1 + s2/12)−1/2 − 1

]

= 2Γ(3/4)2[121/4Γ(1/2)]−1 ≃ 0.9104
(6.98)

The matching can be effected by noting that

ρ =
1

r
+ f1

(
1 − 1

r

)
+ ... (6.99)
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which can be matched to the first two terms in the expansion of P near r̂ = 0 by letting

F0 = (Pe/2)1/2

f1 = 1
2
g(Pe/2π)1/2

(6.100)

The expansion of the Nusselt number for small Pe then takes the form

Nu = 2 + cPe1/2 (6.101)

with c = g/(2(2π)1/2) ≃ 0.036. Acrivos and Frankel (1969) derived the approximated
solution for the problem of heat flux onto a sphere, placed in a linear shear flow. In that
case, the Nusselt number describes the same concept of the Sherwood number. The
parameters are defined clearly in a previous paper by Kronig and Bruijsten [30], giving
Nu = 2aα/λ and Pe = 2a2γ/D, where a is the radius of sphere, γ is the shear rate,
α is the heat transfer coefficient, λ is the heat conduction coefficient. The latter can
be expressed as λ = ρCD, with rho being the density, C the specific heat and D the
diffusion coefficient. The equation for the heat Q is given by Q̇ = λ

∮
∇T · dS (where

dot derivative denotes time derivative). One defines the heat flux per unit surface by
q = dQ̇/dS and α = q/∆T . In the diffusive case α = λ/a, so that Nu = 2.
Now if we want to adapt the formula (6.101) for the nutrient uptake, we have to redefine
Peclet Number as Pe = a2γ/D and replace Nusselt number Nu with Sherwood number
Sh = κ/κs. The result is Sh = 1 + c′Pe, with c′ = g/

√
4π ≃ 0.2568.



Chapter 7

The Numerical Model

7.1 Introduction

In this chapter, the core of the numerical model is presented. We also perform the
calibration and various premilinary tests in a purely diffusive envinroment and with simple
flows.
Here we focus on the widespread diffusion-limited reactions [67], corresponding to the
limit of reactions much faster than the diffusive transfer of the components. Cellular
uptake by a spherical cell of radius R can be approximated [4] by imposing perfect
absorbing conditions at the particle surface (i.e. concentration field ρ which vanishes
on the surface of the sphere). For an isolated spherical cell of radius R the stationary
reaction (or uptake) rate is given by the Smoluchowski formula [73] κs = 4πDRρ∞,
where D is the diffusion constant of the nutrient field and ρ∞ its value at infinity. When
many absorbing cells are present diffusive interactions come into play [14, 35, 23]. This
problem of nutrient shielding becomes even more complex in the presence of a flow
that transports the reactant and/or when the cells move autonomously. Other complex
situations of biological interest include the effects of external potentials. In all these
cases one is interested in quantifying the relative efficiency of the process in terms of
ratio of the total uptake rate to the bare diffusive uptake rate of isolated absorbers, i.e.
the Sherwood number Sh. For instance, Sh < 1 is typically an indication of diffusive
interactions [35, 23] while Sh > 1 can be obtained when the cell moves relative to the
surrounding fluid [26]. Clearly, understanding the adaptations leading to (or induced by)
values of Sh differing from 1 is key to deciphering the life strategies of many unicellular
organisms [29].

In the absence of a flow, several computational methods have been developed, based
on finite element method [18], multipole expansion techniques [19, 53, 8], first-passage
Monte-Carlo techniques [68, 37, 86]. For computational efficiency often the monopole
approximation is used [81, 82].

There are few numerical investigations of the problem of nutrient uptake in the
presence of a flow. Recents works have studied the uptake of nutrient by active swimmers
in a thin film stirred by their motion [32] and by diatom chains in two-dimensional flow
[52]. These studies have generalized the immersed boundaries method (IBM) [62] to
account also for the reaction process. IBM converts the no-slip boundary condition at
the body (of the particle or of other structures) into a set of forces applied on the fluid

68
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in the neighborhood of particle surface so to ensure that the boundary conditions are
fulfilled. In the same spirit the boundary conditions on the nutrient concentration field
are imposed in terms of appropriate sinks around the particle [32]. When considering
many (possibly swimming) particles in a stirred fluid, potentially turbulent, the above
methods become too complex to be used unless limiting the number of particles, which
need several grid points to be properly resolved.

In this work we present a numerical method for computing the diffusion-limited
uptake of nutrients by small spherical particles inspired to the Force Coupling Method
(FCM), introduced by Maxey and collaborators [44, 40]. The basic idea of the FCM
is to represent each particle by a force distributed over a few grid points and to solve
the Navier-Stokes equation also inside the particles. Notwithstanding these limitations
the method is numerically very effective and compares well with analytical [40] and
experimental results [39]. We extend the FCM to the transport of nutrient, by replacing
the absorbing boundary conditions with an effective sink of concentration localized at the
particle position (see [59] for a similar approach). This method can be easily implemented
in presence of a flow and also for self-propelled particles. In this work, however, we mainly
focus on the diffusive problem and compare the results of the FCM with analytical
solutions and with the exact solutions obtained by a multipole expansion method [23].
We also present preliminary results for a single absorber in presence of a linear shear
flow, leaving the study of more complex flows to future investigations.

The material is organized as follows. In Section 7.2 we present the method, its
implementation and consider the case of an isolated spherical absorber to explain how
the numerical parameter should be calibrated in order to reproduce the Smoluchowski
result. Then in Section 7.3 we show the results of the numerical method in resolving the
diffusive interactions between multiple absorbers in different configurations. In particular,
we consider two absorbers at varying their distance. Here we can compare with an exact
analytical theory [18, 23] allowing us to discuss the limitations of the method when the
particles are too close, or too far. After that, we consider triads and tetrads of particles.
Then we use the method to study random clusters of absorbing particles either filling a
sphere or a spherical shell, comparing the results both with exact numerical calculations
and approximate analytical theories. Finally, we show how the reaction rate is modified
in the presence of a linear shear flow, comparing our results with approximate theories
developed in [21].

7.2 Numerical method

We consider a set of N absorbing spherical particles of radius Ri at positions X i(t)
(i = 1, 2, . . . , N). The scalar field ρ(x, t) obeys the diffusion equation with absorbing
boundary condition (i.e. ρ = 0) on the spheres’ surface. As discussed in the Introduction,
we replace the boundary conditions at the particle surface by a volumetric absorption
process of first order localized over a regularized delta functions f(x − X i) centered on
the particle positions

∂tρ = D∇2ρ− ρ
N∑

i

βi f(x − X i) , (7.1)
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where βi is the (constant) volumetric absorption rate of particle i. By making βi to
depend on the concentration, the sink term in (7.1) can mimic saturable kinetics of
Michaelis-Menten type often used for modeling cellular uptake [52]. In this work, how-
ever, we are interested in modeling perfectly absorbing spheres, for which a number of
results are at hand. Therefore we take the absorption rate constant and we have to de-
termine how βi is related to the effective radius of the absorbing sphere. We remark that
our method can be implemented also in the presence of a flow, by adding the advection
term in (7.1, and also in the case of self-propelled particles, including the fluid-particles
interactions [44, 40].

We integrate the diffusion equation (7.1) by a standard pseudo-spectral method in
a cubic domain of size L = 2π at resolution M3 (with M between 64 and 256) with
periodic boundary conditions in all the directions. Time marching is obtained by using
a 2nd order Runge-Kutta scheme with exact integration of the linear term. The use
of periodic boundary conditions make the problem equivalent to the case of an infinite
periodic cubic lattice of sinks for which the total concentration decays in time [82]. In
order to reach a stationary state one can add a source term to (7.1), for example by im-
posing a fixed concentration over a large bounding sphere in the computational domain
[35], but this cannot be used in the presence of a flow. Another possibility is to add a
homogeneous source term to (7.1) as done in [59]. Becuse here we are mainly interest-
ing in benckmarking the numerical method with known results of isolated absorbers in
an infinite volume we add not source term and therefore the simulation are performed
in the conditions of slowly decaying nutrient. Nonetheless, by considering sufficiently
large domain with respect to the absorber configurations, the effects due to periodicity
appear only at large times and, as we will see, do not limit the possibility to measure
the nutrient uptake in conditions equivalent to the infinite domain.

There are several possibilities to implement the regularized delta function f(x). For
instance, for particle-flow interaction a Gaussian function is typically employed [44, 40].
The Gaussian, however, has not a compact support and thus is numerically not very
convenient. Here, we adopt a computationally more efficient choice inspired to immersed
boundary methods [62]. We consider the discretized delta function f(x) as the product
of identical one-variable functions φ(x) rescaled with the mesh size δx = L/M (where
M is the number of grid points):

f(x) =
1

δx3
φ
(
x

δx

)
φ
(
y

δx

)
φ
(
z

δx

)
, (7.2)

where x, y, z are cartesian coordinates. The function φ is chosen symmetric, positive,
with a compact support around its center and normalized. The numerical implementation
of (7.1) requires the evaluation of (7.2) on a discrete number of points spaced by δx.
A convenient choice of φ, which is normalized independently of the number of support
points and of the position of the center relatively to the grid (i.e. approximately grid-
translational invariant), is [62]

φ(r) =





1

n

[
1 + cos

(
2πr

n

)]
|r| < n/2

0 Otherwise

(7.3)
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The particle has a "numerical radius" given by a = (n/2)δx, which is in general different
from its effective radius R, i.e. the radius of the equivalent absorbing sphere, which
will (as shown below) depend on both a and βi. Note that the particle position X i

in (7.1) takes real values in the three-dimensional space. Consequently, the smoothed
delta function is centered at any arbitrary position but the function itself is evaluated
only on n3 grid points. Such function shows one remarkable property: the sum of the
coefficients is always conserved, independently on the position. In the case of moving
particles on a lattice, this reveals to be very helpful.

The uptake rate κi of particle i can be directly computed from the integral of the
sink term in (7.1)

κi(t) =
∫
βi f(x − X i)ρ(x, t)d

3x (7.4)

where the integral is numerically evaluated by the sum over the grid points defined in
(7.3). The global uptake rate is then obtained by summing (7.4) over all the particles,
or alternatively measuring the rate of change of the volume averaged concentration
C(t) ≡ 〈ρ〉 with 〈...〉 = V −1

∫
d3x.... The evolution of the averaged concentration

fulfills the equation

dC

dt
= − 1

V

N∑

i=1

κi(t) . (7.5)

Integrating over time the uptake rate given Smoluchowski theory (6.9), one should expect
to find

C(t) = C(0) − κs

V
t
(

1 + 2

√
τD

t

)
(7.6)

In a finite volume the averaged concentration decays almost linearly with time and pro-
portionally with the absorption rate. This suggests a good alternative to measure the
uptake rate, e.g. the flux of nutrient which is removed from the system, from the evo-
lution of the mean nutrient concentration.

7.2.1 Numerical Stability

Starting from the PDE (7.1), a standard discretization leads to

ψn+1
i = ψn

i + λ1

(
ψn

i+1 − 2ψn
i + ψn

i−1

)

−λ2

(
a0ψ

n
i−1 + a1ψ

n
i + a2ψ

n
i+1 + a3ψ

n
i+2

) (7.7)

where we have defined λ1 = Dδt/δx2 and λ2 = βδt/(nδx)3. Numerical stability is
ensured by the condition that integration time step is much smaller than the smallest
diffusive time scale, δt ≪ δx2/D. Otherwise, the depletion of the scalar field in the
position of the cell is bounded by the condition βδt/δx3 ≪ 1, in order to avoid negative
values in the interior of the sink and too sharp interfaces that should lead to numerical
instability. From a physical point of view, the sink cannot absorb an amount of nutrient
greater than the available quantity in the proximity of the cell.
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β δt
NB = 64 NB = 128 NB = 256

0.01 1 × 10−2 5 × 10−3 1 × 10−3

0.1 5 × 10−3 5 × 10−4 5 × 10−4

1.0 2 × 10−3 2 × 10−4 2 × 10−4

10. 2 × 10−3 2 × 10−4 5 × 10−5

Table 7.1: Time step used in DNS and required for the numerical stability of the method. In
general, δt has to decrease with β and resolution NB.
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Figure 7.1: In the left panel: Time evolution of the uptake rate κ(t) of a single sphere
for different values of the absorption rate β from cold (blue-violet) to hot (red) colors. In
the right panel: Time evolution of the normalized uptake (κ(t) − κs)/κs versus τ = t/τD

(τD = R2/(πD) with R obtained from the fit). Black dotted line denotes the scaling function√
τD/t valid for short times as predicted by (7.8). Simulations have been performed with

resolution M = 64 and D = 0.01.

7.2.2 Calibration of the numerical method

In this section we show how the effective radius R of an absorber depends on β and the
numerical radius a. To this aim we perform a set of numerical simulations considering
a single absorbing sphere in an initially uniform scalar field, ρ(x, 0) = ρ0, for different
values of the absorption rate β. In all simulations we fixed n = 4 in (7.2) (as customary
in IBM [62]), the scalar diffusivity D = 0.01 and ρ0 = 1.

The effective radius can be obtained comparing the absorbing rate with the Smolu-
chovski result. More precisely, since our simulations are unsteady as explained above,
one needs to compare the time evolution of the uptake rate (7.4) with the Smoluchovski
solution of the unsteady diffusive problem (see in the previous chapter, section 6.1):

κs(t) = 4πDRρ∞

(
1 +

R√
πDt

)
. (7.8)

We use the same symbol for both the unsteady and the steady solution, for the latter
ks = 4πDRρ∞, obtained from (7.8) when t → ∞, the time dependence is omitted.

Figure 7.1 shows the evolution of the uptake rate κ(t), computed from (7.4), as a
function of time for different values of β. Two regimes are observed: at the beginning
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Figure 7.2: Left panel: Temporal evolution of the mean state C(t) = 〈ρ〉 indicated with
markers of different shapes and time integral of the uptake, indicated with solid lines, for
increasing values of the parameter β from cold (blue-violet) to hot (red) colors. Right panel:
Effective radius R obtained from κ(t) fitted with (7.8) versus β for different resolutions:
M = 64 (red squares), M = 128 (green circles) and M = 256 (blue triangles). The dashed
curves display Eq. (7.9) with a = nδx/2.

the diffusive regime described by (7.8) is well evident (see inset), while for longer times
a slower decay due to the finitness of the domain sets in. By fitting κ(t) with the
expression (7.8) in the first regime, one obtains two different measures of R (from the
constant term and from the time dependent term). For all values of β the two measures
give the same value of R within 2% of error.

The result of the calibration for the effective radius R is shown in Fig. 7.2 for different
resolutions M . For small β, the effective radius R is proportional to the absorption rate.
For large β, R saturates to a = (n/2)δx that depends on the resolution as n is fixed
and the mesh size changes as δx = L/M .

To rationalize this behavior and eventually find an analytical fitting expression for
R, we resorted to a crude approximation for the regularized delta function assuming a
spherical sink function of radius a, in polar coordinates f(r) = Θ(a− r)/Va, where Θ is
the Heaviside step function, r the distance from the sphere center and Va = 4πa3/3 the
sphere volume. With this form for f(r) the stationary solution of (7.1) in the infinite
space is easily solved. One can calculate the uptake for this type of problem and compare
with the Smoluchowski prediction. Doing so, one gets that the effective radius for radial
step-potential depends upon the maximum size Rm where the absorption is active and
the absorption rate β as

R = a−
√
DVa

β
tanh



√

β

DVa

a


 (7.9)

In the limit of small β, we obtains the linear behavior (in accordance with the previous
argument) R = β/(4πD). For large β, the expression saturates to the limiting value
a. This saturation can be deduced by ituition, when absorption rate β is large enough,
as the effective radius R approaches Rm, is bounded by the size of the discretized delta
function and cannot longer grow as Smoluchowski predicts.
Results show a remarkable (within 5%) agreement with the effective radius obtained
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Figure 7.3: Radial profile of the concentration field obtained from simulations with resolution
M = (64, 128, 256) compared with the theoretical behavior in (6.8). Parameters: D = 0.01,
β = 5, t = 100.

with the fitting procedure (see Fig. 7.2). Thus Eq. (7.9) can be used as the calibrating
function. Notice that for small β Eq. (7.9) yields R = β/(4πD), which is the result
one would obtain replacing f with a true δ-function in (7.4), while R → a for large β.
Typically, in our simulations we fixed β = 0.01 which leads to an effective radius R . a.

It is worth remarking that as for the case of the Force Coupling Method for fluid-
particle interaction [44, 40], the diffusive boundary layer is not well resolved at the scale
of the regularization. This is apparent in Fig. 7.3 displaying the profile of the scalar
field as a function of the distance from the particle. The analytical expression obtained
from Eq. (6.8) agrees well with the numerical result only for r > 2a, which depends
on the resolution, even if R ≪ a. This, as we will see in the next section, has some
repercussions on the ability of the method to resolve of diffusive interactions of close
particles.

Finally, in Figure 7.4, we assess possible systematic errors coming from varying the
position of the particle in the grid, i.e. errors due to the use of the regularized δ function
(7.2). We measured the relative error on the uptake rate varying the position of the
particle along the side δx of a lattice unit, along the face diagonal and along the cube
diagonal (see inset). The largest variation observed was less than 1% for a regularization
on n3 = 9 grid points.

7.3 Configurations with multiple absorber

In this Section we consider N static absorbing particles, arranged in configurations of
increasing complexity from regular to random, with the aim of testing the reliability and
precision of our method. For the sake of simplicity, we discuss only cases in which all
particles have the same radius , i.e. βi = β in Eq. (7.1). All simulations are initialized
with a uniform scalar field, ρ(x, 0) = ρ0 = 1. The asymptotic uptake rates are evaluated
as discussed in Sect. 7.2.2 by fitting κ(t) with (7.8) on each particle. Indeed, it can be
shown that the functional form (7.8) holds also in the case of multiple sinks [81, 82].
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between the off-grid uptake rate κ and the one measured on a grid point κg. Along each
path, the discrepancy is maximal in the farthest position from the grid. Simulations refer to
resolution M = 64.

For all the configurations we compare the numerically obtained rates with the those
obtained from a numerical multipoint expansion algorithm [23]. When available, we also
compare our results with analytical exact or approximate expressions. The main aim of
this study is the validation of our method in resolving the diffusive interaction, quantified
by the Sherwood number Sh defined as the total absorption rate normalized with the
total absorption by N separated absorbers

Sh =
κtot

Nκs

. (7.10)

In the last subsection we shall consider the case of a single absorber in the presence of
a linear shear flow and study the Sherwood number as a function of the Peclet number,
quantifying the ratio between advective over diffusive transport.

7.3.1 Pairs of absorber (N = 2)

The case of two spherical absorbers of radius R separated by a distance d is one of
the few examples of diffusive interaction problem that can be exactly solved. After
choosing bi-spherical coordinates, the Laplace equation becomes separable [50] and the
total absorption rate depends on the relative distance x = d/2R as [72, 64]

Sh =
√
x2 − 1

∞∑

n=0

2

1 + (x+
√
x2 − 1)2n+1

. (7.11)

In the limit of well separated absorbers, x → ∞, Eq. (7.11) recovers the non-interacting
result Sh = 1 (i.e. both spheres absorb the nutrient at the Smoluchovski rate as if they
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were isolated). Notice that, already for x & 2 the first correction given by the monopole
contribution,

Sh =
2x

2x+ 1
=

d

d+R
, (7.12)

is a very good approximation of (7.11). In the limit of two spheres in contact, x = 1,
Eq. (7.11) gives the maximum interference with Sh = ln(2).

In Fig. 7.5 we show the numerically computed Sherwood number as a function of the
pair distance d for different choices of the particle effective radius R (i.e. at changing β
according to (7.9) at fixed resolution. The numerical results are directly compared with
the exact value obtained from (7.11). A very good agreement between numerical and
theoretical values is observed for distances larger than dm ≈ a = 2δx, is and smaller
than, say, 1/10 or 1/8 of the domain size L = 2π.

The discrepancies at small distances are due to the fact that the method does not
resolve the particle surface: the numerical radius, a, imposed by the regularized delta
function turns out to be the limiting distance for resolving the pair diffusive interactions
(see also Fig. 7.12 and related discussion), regardless of the effective radius of the
particles. To reduce dm the only possibility is thus to increase the resolution.

The large-distance discrepancies are due to the periodicity of the simulation domain.
Since the diffusive interactions are long ranged (they decay with the inverse of the
distance from the absorbers, see Eq. (6.8)) when d increases the particles start to interact
not only with each other but also with their periodic images, leading to an increase of
the total uptake rate (i.e. Sh becomes larger than predicted for a pair of absorbers at
the same distance in the infinite space). This effect tends to increase with the effective
radius R of the particle as the diffusive interaction increases with R (see Eq. (7.12)). We
emphasize that this effect cannot be modified by changing the resolution but requires
working with different boundary conditions.

Summarizing, the above results show that provided the particles are at distances
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Figure 7.6: Sh for configurations of N equidistant absorber as a function of the dimensionless
distance x = d/2R for N = 2, 3, 4 as in legend. Filled symbols are the results from the
numerical simulations, open symbols exact results. Lines represent the monopole approximation
Sh = 2x/(2x+N − 1). The inset shows the relative error with respect to the exact solutions.
Vertical dashed line is positioned at xm = 2δx/(2R) that determines the condition for well-
resolved simulations. On the left of the threshold line, the error rises to 4 − 9% while for the
other distances it is always close to 1%. Resolution used is M = 128.

nδx/2 = dm < d < dM ≈ L/10 − L/8 the numerical method works quite well.
Figure 7.6 shows Sh as function of the rescaled distance x = d/2R together with the
exact result and the monopole approximation. As clear from the inset in the whole range
of x the numerical values are within 2% from the exact result with larger deviations,
∼ 4%, when x → 1 corresponding to distances d ≈ dm. In the following we shall exploit
these results when studying more complex arrangements of absorbing particles making
sure that the particles stay at distances within the window of scales for which the method
works well.

7.3.2 Regular triangles (N = 3) and tetrads (N = 4)

We now consider regular arrangements of N = 3 and 4 particles at varying their distance.
From the theoretical side, the monopole expression (7.12) can be easily extended to the
case of N > 2 absorbers. Within the monopole approximation, one can write the set of
linear equations for the uptake rate κi of the i-th absorber [81, 82]

κi = κi
s −

N∑

j 6=i

ǫijκj, i = 1, ..., N (7.13)

where ǫij = Ri/dij, Ri is the radius of the ith sphere, dij the distance between the i-th
and j-th sink and κi

s = 4πDRiρ∞. The case considered here is Ri = R and dij = d,
for N = 3, 4. In this limit, the total Sherwood number, in the monopole approximation,
is given by (x = d/2R):

Sh =
2x

2x+ (N − 1)
. (7.14)
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Figure 7.7: Top Panel: Sh for different configurations of deformed triangles with θ =
15◦, 20◦, 30◦, 60◦ as a function of the distance d13 normalized by the sphere diameter 2R.
The minimum of Sh corresponds to the configuration of minimal distance d23. Inset: Sketch
of the deformed triangles. Bottom Panel: Relative error of the simulations with respect to the
exact results. Dashed line represents the critical distance xm = 2δx/(2R) below which the
numerical accuracy is decreased as discussed in Sect. 7.3.1.

The numerical results are shown in Figure 7.6 together with the monopole expression
(7.14) and the exact results obtained numerically [23]. The limit x = 1 corresponds to
the minimal distance at which the spheres are at contact and therefore to the maximum
diffusive interaction. Numerically speaking, with our choice of β, this limit corresponds
to d ≈ dm. The discrepancy between the numerical simulations and the exact results is
here maximal, between 4% and 8% (see inset) increasing with N as intuitively expected.
At larger distances the the exact values are recovered within . 2%. It is remarkable
that the interaction is still observed for x ≃ 10, as a conseguence of the long range
nature of the diffusive interactions. Notice that to reach x = 10 without violating the
constraint imposed by the periodic boundary conditions (Cfr. Fig. 7.5) we have varied x
also changing the effective radius. We finally remark that as soon as x > 2 the monopole
approximation practically coincides with the exact result.

7.3.3 Deformed Triangles N = 3

As a more severe test we considered also the case of three spheres of radius R at the
vertices of irregular triangles as sketched in the inset of the top panel in Fig. 7.7. A
practical way to construct the triangle is the following: We fix the distance between
particle 1 and 2 to be d12 = Xdm with X > 1, where dm is the minimal distance
at which the two-sphere problem is reasonably well solved numerically. Call θ the angle
between the segments 12 and 13. We keep fixed this angle and vary the distance d13 = d,
requiring dij ≥ dm for i 6= j = 1, 2, 3 that implies a minimal angle θc = arcsin(1/X).
Here we fix X = 5.5 so that θc ∼ 14.35. In simulations we used θ = 15◦, 20◦, 30◦, 60◦

and varied d in the range ∈ [2R, 20R]. As for the parameters of the simulation we fix
D = β = 0.01 in such way that radius of the spheres R = 0.036.

The solution of such configurations in the monopole approximation using Eq. (7.13)
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is given by

Sh =
1

3
+

2

3

(A− 1)(B − 1)(C − 1)

A2 +B2 + C2 − 2ABC − 1
(7.15)

where A = R/d12 with d12 fixed, B = R/d13 and C = R/d23. For the geometric rules

of triangles d23 =
√
d2

12 + d2
13 − 2d12d23 cos θ.

Results are shown in figure 7.7, where the total Sherwood number of the triadic
system is plotted as a function of the distance d13 normalized by the diameter of the
absorbser 2R. Our simulations, represented in figure by full symbols, are compared with
the exact results following the method of Piazza, represented by empty symbols. We also
compare the results with the monolope approximation (7.15). The minimal uptake is
obtained in the configuration with minimum distance d23, which maximizes the diffusive
interactions. As shown in bottom panel the error is within 2%, but for configurations
with d13 ≈ dm, as expected from previous discussions. We conclude noticing that when
particle 3 is moved far away from the pair, we recover the asymptote (not shown) given
by the uptake of a single sphere and the contribution of the pair alone, which with our
choice is Sh ≃ 0.94.

7.3.4 Random Spherical Cluster

In this Section we consider the case of a cluster of absorber. One important motivation
comes from biology in the case of colonies of microorganisms, often observed with large
packing fraction. In this case one is interested in understanding how diffusive interactions,
which cause nutrient shielding for cells in the cluster interior, deplete the growth of the
colony [35].

Specifically we consider a spherical cluster of absorbers, i.e. a sphere of radius Rs,
centered in the origin, with N spherical absorbers, with the same radius R, randomly
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arranged in its interior avoiding geometrical overlaps (see Fig. 6.5a). In this case it is
possible to have an analytical estimation of the nutrient uptake by introducing an effec-
tive medium approximation discussed in the previous chapter 6.3.1.

We considered random distribution of particles in a spherical cluster of radius Rs =
L/8 = π/4 so to minimize effects due to the periodic boundary conditions (Cfr. Fig. 7.5).
As for the absorbers we considered N = 20, 50, 100, 150 spheres with effective radius
R ∼ 0.036 so that the (nominal) volume fraction ranges in φ = 2 · 10−3 − 10−2, that
is small enough for the effective medium approximation to be accurate. Particles are
placed uniformly within the sphere volume, ensuring that they stay at distance larger
than dm ≈ 2δx = 2π/M to reduce the errors due to poor resolution of the diffusive
interaction at short distances (Cfr. Fig. 7.5). For each N we considered from 5 to
10 different configurations to perform ensemble average and thus to compare with the
effective field approximation. The same configurations have been used for the exact
numerical solution.

Figure 7.8 shows the average density profile ψ(r) = 〈ρ(r)〉 compared with the the-
oretical prediction given by the effective medium approximation (6.69). The agreement
is remarkably good.

From the simulations, we can extract the uptake rate of each particles using the
standard fitting procedure, which involves the temporal evolution of uptake rate at inter-
mediate times (see Sect. 7.2.2). By averaging over particles and different configurations,
one obtains a measure of the total uptake rate of the cluster. Alternatively, one can
extract the uptake rate of the cluster directly from the concentration field ρ. The radial
profile can be compared with the theoretical prediction (6.69) to extract the parameters
of interest. From the inner solution it is possible to extrapolate the penetration length

ξ shown in the inset of Fig. 7.8 with the scaling R/
√

(3φ). By fitting the behavior in
the outer region, we have an alternative estimate of the total Sherwood number.
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In Figure 7.9 we show the average radial distribution Φ(r) of the Sherwood number
obtained with our numerical method with the theoretical prediction (6.72). Here, being
Φ(r) more fluctuating than the profile the agreement is less astonishing. However, we
compared the numerical data with those obtained by the exact numerical solution with
which the agreement is very good. Indeed as shown in the inset the error is within
7 − 8%. It should be noticed that the error tend to increase going toward the interior of
the cluster, this can be due to the accumulation of errors on the concentration density
due to the outer absorbers. No clear trend of the error with N could be detected.

Finally, in Fig. 7.10 we show that also the total Sherwood number compare very
well with the theoretical prediction (6.71) and the exact computation (with error within
10%).

7.3.5 Spherical Shell Cluster

In this section we study a generalization of the spherical cluster, considering absorbers
with their centers at a fixed distance from the origin of the sphere of radius Rs (see
Fig. 6.5b). This kind of configuration is encountered in nature as for example in Volvox a
colony of Chlamydomonas-like cells, a class of motile phytoplankton (See, e.g., Ref. [45]
for a nice introduction). Volvox has a spherical shape with 1-mm diameter, is usually
100 times larger than the single cell forming it and contains up to 5 104 cells organized
as a monolayer on the sphere surface.

Now, similarly to the previous section, introducing α = Rs/R and N = φVs/Vp =
2φ(3α2 − 6α+ 4). We recall from section 6.3.2 Sherwood number can be expressed as

Sh(φ) =
1
2
[α(α− 2)

√
3φ− 1/

√
3φ] tanh(2

√
3φ) + 1

φ(3α2 − 6α+ 4)[(α− 2)
√

3φ tanh(2
√

3φ) + 1]
(7.16)

In Fig. 7.10 the total Sherwood number is compared with the theoretical prediction
(7.16), the agreement is good within 10%. It is also interesting to note that the present



7. The Numerical Model 82

10
-4

10
-3

10
-2

10
-1

10
0

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

S
h

-1

Pe

γ=0.5, N=64
γ=1.0, N=64
γ=2.0, N=64

γ=1.0, N=128
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numerical simulations at two different resolutions. The line represents the theoretical behavior
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configuration in spherical shell-like geometry enhances the uptake rates by each cell and
total uptake rates of cluster with respect to the configurations of full spherical clusters.
Therefore, it can represent an efficient strategy to maximize the uptake rate.

7.4 Linear Shear Flow

In order to demonstrate the generality of our numerical method, in this Section we
consider the case of absorption in the presence of a velocity field u. We consider the
simple case of a linear shear, u = γ(y, 0, 0) for which analytical results are available.
Nutrient evolves according to the advection-diffusion equation

∂tρ+ u · ∇ρ = D∇2ρ− ρ
N∑

i

βi f(x − X i) , (7.17)

and we consider the case of a single absorbed (N = 1) placed in the origin.
Introducing the Peclet number associated to the absorber Pe = γR2/D, in the limit

of small Pe the Sherwood number is expected to grow as

Sh = 1 + 0.26Pe1/2 (7.18)

In our simulations, for a correct and well-resolved description of the competition
between shear and diffusion we have to think about the scales that play a relevant role
in the system.

The shear intensity is controlled through the parameter γ, which has the dimensions
of an inverse time [T−1]. The system evolves under the competition between the shear
time-scale τγ = γ−1 and the diffusive time-scale τd = R2/(πD). The spatial scale

at which the two phenomena find balance is given by ℓ =
√
D/γ, which diverges for

small values of γ. Stationarity is reached when the typical scale of the diffusive front
becomes comparable with the scale ℓ. A manner to optimally see the effects of the
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shear, given the diffusivity coefficient D, consists to choose ℓ to be sufficiently small but
well-resolved on the numerical grid. Fixing the scale ℓ, and thus the shear rate γ, we
explore different values of Peclet number Pe by varying the particles radius R, through
the absorption rate β. In our simulation, this optimal condition reduces to have the
inequalities τd < τγ < τL, where τd = R2/D and τL = L2/D.

We performed two series of simulations using grid resolution NB = 64, 128. By
locating the particle in the position of zero velocity of the field u, there’s no need to
advect the particle using the Newton equation x = u. For each series of simulations we
explore a sufficiently wide range of values of Peclet number by changing the shear rate.
We keep fixed the diffusion coefficient and the absorption rate to β = D = 0.01.

In figure (7.11) we plot the Sherwood number as Sh − 1 and compare it with the
scaling in eq. (7.18). Figure (7.11) shows the shear contribution to the Sherwood
number Sh− 1 for different values of Pe obtained by changing the shear rate γ (while
β and D are kept constant), for two resolutions of the simulations. The behavior (7.18)
is indeed observed for small Pe.

7.5 Conclusions & Perspectives

We investigate the dynamics of absorbing particles. The core of the model consists in
the integration of a diffusion equation using a pseudo-spectral method. The nutrient is
depleted in the location of the particles. The form of the sink term, which describes the
absorption of the particles, is designed using a immersed boundary method and insure
the correct boundary condition on the surface of the particles. In addition, the nutrient
can be advected by a general flow, and the uptake of each cell can be calculated by
integrating the instantaneous flux along the cell trajectory.
In this thesis we reported only the case studies to test the reliability and accuracy of the
model. Results are found in good accordance with the theoretical predictions coming
from the field of diffusion-limited processes.
However, Further efforts are needed in order to investigate non-equilibrium situations, in
particular in presence of turbulence. Indeed, the model is suitable to study the effects of
fluctuations on the cell uptake. Even in the simple case of passive particles transported by
a turbulent flow, the fluctuations of nutrient should induce a non trivial statistics on the
cell uptake. Results from DNS should be also compared with toy model involving random
processes, in order to recognize the effects of random fluctuations and the peculiarity of
turbulence.
Besides tracers, one should explore different variations of theme (e.g. motile cells,
gyrotactic model) in order to investigate different situations inspired by the oceanic
ecosystems. For example, in the case of motile cells, the main questions regard the
effect of swimming in turbulence on the tradeoffs between enhanced uptake, motility
cost and competition effect due to clustering.
In order to be fully consistent with the real oceanic parameters, one should also consider
the effect of Sc 6= 1 and the description of the Batchelor scale.
As it is evidenced in the introduction, another important ingredient, which is relevant for
living absorbing cells, is the fact that cells absorb substances and molecules through a
number of finite small pores. This effect rescales the uptake rate by a factor, depending
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on the probability for a nutrient molecules of landing on the cell surfaces.
Concluding, the topic of diffusion-limited reactions in presence of turbulence is still a
frontier of statistical physics far from equilibrium and offers many possible pathways
inspired by natural phenomena.
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Appendix A

Miscellanea

A.1 Isopycnal Recostruction

The aim of this appendix is to illustrate how to reconstruct the form of the isopycnal
surface, defined as the level set with constant density from the DNS data. The points
belonging to the isopycnal surface, are characterized to fulfill the implicit equation

z − θ(z) = 0 (A.1)

To find the precise point out of the grid, where the θ field is known, one can consider a
linear interpolation method. Consider the expansion of θ close to the nearest grid point
zk is

θ(z) ∼ θ(zk) + (z − zk)∂zθ
∣∣∣
z=zk

(A.2)

Derivative can be discretized to be evaluated on two successive grid points, so that
∆z = zk+1 − zk and ∆θ = θ(zk+1) − θ(zk). The equation (A.1) becomes

z − θ(zk) − (z − zk)
∆θ

∆z
= 0 (A.3)

which gives the height of the isopycnal

z =
θ(zk) − zk∆θ/∆z

1 − ∆θ/∆z
(A.4)

Notice that one must take control of the zeroes of the denominator. Although this is
very rare, in presence of an overhang this can be very small. In the case of the floater
model, we were restricted to the recostruction of a single isopycnal at z−θ = 0, but the
method can be in general extended to study the entire family of surfaces with constant
density z − θ = ρ, using

z =
θ(zk) + ρ− zk∆θ/∆z

1 − ∆θ/∆z
(A.5)
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A.2 Peskin Function

Here we will show that the Peskin function maintain the normalization on the grid,
independently on the center position.

∑

|r|<n/2

1

n

[
1 + cos

(
2πr

n

)]
= 1 (A.6)

∑

|r|<n/2

φ(r) = 1 +
1

n

[
cos(−π +

2π

n
) + cos(−π +

4π

n
)+

+ cos(−π +
6π

n
)...+ cos(0) + ...

+ cos(π +
4π

n
) + cos(−π +

2π

n
) + cosπ

]
(A.7)

thus it’s easy to see that opposite angles (e.g. θ and θ + π) cancel each others.
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